LIMITS OF LIMIT SETS I 

MAHAN MJ AND CAROLINE SERIES 

Abstract. We show that for a strongly convergent sequence of geometrically 

finite Kleinian groups with geometrically finite limit, the Cannon-Thurston 

Q_^ maps of limit sets converge uniformly. If however the algebraic and geometric 

limits differ, as in the well known examples due to Kerckhoff and Thurston, 
then provided the geometric limit is geometrically finite, the maps on limit 
sets converge pointwise but not uniformly. 
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1. Introduction 

Hausdorff convergence of limit sets under algebraic and geometric limits has 
been studied by several authors, see for example [13] P- 203 and Theorem [O] below. 
In this paper and its companion |22j . we study convergence of limit sets as the 
convergence of a sequence of continuous maps from a fixed compact set, namely 
the limit set of a fixed geometrically finite group, to the sphere. 
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lO Given an isomorphism p: F — > G between two geometrically finite Kleinian 

J^ groups, Floyd [8] showed that there is a continuous equi variant map from a certain 

( T^ completion of the Cay ley graph of F to the limit set A^- As long as p is weakly type 

f — . preserving (meaning that the image of every parabolic element of F is also parabolic 

^^ in G), this map factors through the limit set Ar, giving a continuous equivariant 

I map Ar — >■ Aq between the limit sets. This result was extended by the remarkable 

L| work of Cannon-Thurston [4] who showed that such a map may still exist even 

when G is totally degenerate, by giving examples with F a surface group so that 
Ap ^ S^ , and a continuous surjective equivariant map to Aq — S^. In fact maps 
between limit sets of isomorphic groups have a long history prior to Floyd's paper 
as so-called boundary mappings, going back to Nielsen [23], see also [7] Section 
25.2 and for example [24l [12]. We will nevertheless stick with what is now well 
established terminology and call an equivariant continuous map between the limit 
sets Ap, Ag of two isomorphic Kleinian groups, a Cannon-Thurston or CT-map. 

Suppose now that we have a sequence of isomorphisms p,i : F — > G„. This 
paper is the first of two which studies the pointwise behaviour of the CT-maps 
as the sequence G„ converges to a limiting Kleinian group Goo- In this paper 
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2 MAHAN MJ AND CAROLINE SERIES 

we confine ourselves to the case in which both algebraic and geometric limits of 
(G„) are geometrically finite; in the second [55] we will use the geometric models 
given by Minsky's ending lamination theorem [181 and results of the first author on 
existence of Cannon- Thurston maps |21j under very general hypotheses, to study 
the situation in which group Goo is geometrically infinite. 
The results in this paper are the following: 

Theorem A. Let T be a fixed geometrically finite Kleinian group and /5„ : F — > 
Gn he a sequence of weakly type-preserving isomorphisms to geometrically finite 
Kleinian groups Gn which converge strongly to a geometrically finite Kleinian group 
Goo — Poo(r). Then the sequence of CT maps in '■ Ar — > Aq^ converges uniformly 
to Zoo : Ar H' Ag„ • 

Theorem B. Let T be a fixed geometrically finite Kleinian group and p„ : F — > 
Gn be a sequence of weakly type-preserving isomorphisms to geometrically finite 
Kleinian groups which converge algebraically to Goo = Poo(F). Suppose also that 
the geometric limit of the groups Gn is geometrically finite. Then the sequence of 
CT-maps in '■ Ar -^ Afj^ converge pointwise to ioo '■ Ar -^ ^G^a ■ 

We remark that if the geometric limit of geometrically finite groups is geomet- 
rically finite, so is the algebraic limit, see [TS] Theorem 4.6.1 and [13]. However 
geometrically finiteness of the algebraic limit does not in general imply the same for 
the geometric limit, as can be seen for example by examining the many geometric 
limits of once punctured torus groups constructed in [T^ . 

If the convergence is algebraic but not strong, then uniform convergence nec- 
essarily fails. This is a consequence of the following result, which in the generality 
below is due to Evans. 

Theorem 1.1 ([5], p]). Suppose p„ : F — )■ G„ is a sequence of weakly type- 
preserving isomorphisms from a geometrically finite group F to Kleinian groups Gn 
with limit sets A„, such that the sequence converges algebraically to poo '■ F — > Goo 
and geometrically to H . Let Aoo and A^ denote the limit sets of Goo o.nd H respec- 
tively. Then A„ — >■ Kh in the Hausdorff metric. If in addition F is non- elementary, 
the sequence converges strongly if and only if A„ ^ Aoo in the Hausdorff metric. 

For the purposes of this paper, in which the geometric limit is geometrically 
finite with non-empty regular set, then we are in the easier situation of [13j Propo- 
sition 4.2, see also [TS] Theorem 4.5.4. 

Since uniform convergence implies diagonal convergence of limit points and 



hence Hausdorff convergence. Theorem 1.1 shows that if Aoo and Ah differ, then 
uniform convergence is impossible. 

Theorem[B]is illustrated by the Kerckhoff-Thurston examples [11] of a sequence 
Gm of quasi-Fuchsian groups converging geometrically to a geometrically finite 
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group G with a rank 2-cusp. Our proof will make clear how it is that the CT-maps 
converge pointwise, but not uniformly. The lack of uniform convergence in these 
examples has also been noted in a remark due to Souto, see Section 9 of [S]. 

As a special case of Theorem|A]one obtains an alternative proof of the following 
well-known application of the A-lemma from complex dynamics |14j . Let A C C be 
a connected open set. A family of quasi- Fuchsian groups G^jZ G A ]s said to be 
holomorphic if there are maps pz : F — )• G^ , z G A from a fixed (finitely generated) 
Fuchsian group F such that z i— )• Pz{g) is holomorphic for each <; G F. If the maps 
Pz are all type preserving, then in the formula for the fixed points, the attracting 
fixed point (or unique parabolic fixed point) is defined by a fixed branch of the 
square root, so that the maps i^ : z i— >■ g'^{z) are holomorphic. A straightforward 
application of the A-lemma allows one to extend iz to the entire limit set Ap: 

Theorem 1.2. Let z ^f Gz be a holomorphie family of Kleinian groups sueh that 
the map pz '-T -^ Gz is an isomorphism, for z £ A and such that the map iz ■ A^ — > 
C is injective. Then the natural embedding iz '■ A^ — >■ C extends to a continuous 
equivariant homeomorphism iz '■ Ag — > C, such that iz '■ Ag x A — > C is jointly 
continuous and such that the map z i— > iz{^) is holomorphic on A for each ^ G Ar. 

Here Ai is the set of attractive fixed points of loxodromic elements in F, 



see Section 2.2 This result applies, for example, in the interior of quasifuchsian 
deformation space QT. However if z G dQT then the map iz is not in general 
a bijection in a neighborhood of z, so the above result does not give information 
about what happens as we limit on the boundary dQF. 

Miyachi [^ proved TheoremlAlwithout the restrictions on geometric finiteness, 
in the case in which F is a surface group without parabolics and the injectivity radius 
is bounded along the whole sequence. The only other convergence result we are 
aware of is that of Francaviglia |1] Theorem 1.8 in which F is a discrete subgroup 
of M^ which diverges at its critical exponent (and so only applies in our context to 
F Fuchsian with no parabolics, see [121 Theorem 3.14.3). It is shown that, provided 
that all groups in question are non-elementary, then the corresponding Gr-maps 
exist and converge almost everywhere with respect to Patterson-Sullivan measure 
on Ap. 

The results in this paper are all based on the geometry of geometrically finite 
groups. In the geometrically infinite situation of [S], besides the Minsky model 
of degenerate Kleinian groups, we introduce techniques from the theory of relative 
hyperbolic spaces and electric geometry. We will prove in [55] that TheoremlAJholds 
in many cases of geometrically infinite Goo , but show that for certain algebraic limits 
(such as the examples of Brock [2]), even pointwise convergence may fail. 

In Section [2] we set up the background and in Section [3] we prove some im- 
portant estimates based on Floyd [8] on the embedding of the Cayley graph of 
a geometrically finite group into H'^. This is a prelude to Section [4] in which we 
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describe the CT-maps carefully and give a geometrical criterion Theorem |4.1| for 
their existence. In Section [5] this is extended to a criterion Theorem 15.61 for uniform 
convergence. In Section [6] we prove Theorem!^ the case of strong convergence and 
easily deduce the application to Theorem |1.2[ Finally in Section [7] we formulate 
the corresponding criterion for pointwise convergence and prove Theorem |B] Some 
hyperbolic geometry estimates we need are given in the Appendix. 



2. Preliminaries 

2.1. Kleinian groups. A Kleinian group G is a discrete subgroup of PSL2{C). 
As such it acts as a properly discontinuous group of isometrics of hyperbolic 3- 
space H"^, whose boundary we identify with the Riemann sphere C = C U oo. All 
groups considered in this paper will be finitely generated and torsion free, so that 
M — M!^/G is a hyperbolic 3- manifold. An excellent reference for the background 
we need is [15]. 

A Kleinian group is geometrically finite if it has a fundamental polyhedron in 
M.^ with finitely many faces. The limit set Aq C C is the closure of the set of its 
non-elliptic fixed points. It can also be defined as the set of accumulation points of 
any G-orbit. 

Let J\f be the hyperbolic convex hull of Aq in H"^. This projects to the con- 
vex core of M, that is, the smallest closed convex subset containing all closed 
geodesies. An alternative characterisation of being geometrically finite is that a 
(5-neighbourhood of JV/G in H'^ has finite volume for some 5 > 0. Note that if G is 
geometrically finite, then JV/G is compact if and only if G contains no parabolics. 
Such groups are called convex cocompact. 

The thin part Mthin{^) is by definition that part of M where the injectivity 
radius is at most e. The Margulis constant cm > is such that if e < e^, then 
Mthinis) is a disjoint union of horocyclic neighbourhoods of cusps and Margulis 
tubes around short geodesies. It is well known that the (5-neighbourhood of J\f/G 
has finite volume if and only if the thick part of {JV / G)\Mthin{^) has finite diameter. 
(Consider a maximal collection of disjoint embedded balls of small radius in {Af/G)\ 

MtMn{e.).) 

We denote hy H — He — He-a the set of lifts of components of Mthin{e) to 
M.^. Thus H is a G-invariant collection of horoballs based at the parabolic fixed 
points of G, together with equidistant tubes about geodesic axes whose associated 
loxodromics are short. If we are dealing with a single geometrically finite group 
G, then by reducing e we can assume that all elements of H are horoballs, see for 
example [15! Theorem 3.3.4. We will denote by V = Vc — V^-a the e-thick part Af 
relative to G, that is, V is the closure oi JV\ {UhghH). 
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Let r be a fixed Kleinian group. A representation p : F — > PSL2{C) is said to 
be type preserving if it maps loxodromics to loxodromics and parabolics to parabol- 
ics. It is weakly type preserving if the image of every parabolic element of T is also 
parabolic in G. 

Let /9„ : F — >• PSL2{C), n = 1, 2 ... be a sequence of group isomorphisms. The 
representations Pn are said to converge to the representation p^o'- F — >• PSL2{C) 
algebraically if for each g G F, Pn{g) ^ Poo{g) as elements of PSL2{C). They 
are said to converge geometrically if (Gn = Pn{G)) converges as a sequence of 
closed subsets of PSL2{C) to H C PSL2{C). Then H is a Kleinian group called 
the geometric limit of (G„). The sequence (G„) converges strongly to Poo{G) if 
Poo(G) = H and the convergence is both geometric and algebraic. 

2.2. Cannon-Thurston Maps. Let F be a Kleinian group and let p: F ^ PSL2{C 
with p(T) = G. Let Ar,AG be the corresponding limit sets. A Cannon- Thurston 
or CT-map is an equivariant continuous map i : Ap — > Aq, that is, a map such that 

Kg-O^pigKO for all .geF,eeAr. 

For a loxodromic A £ PSL2{C), denote by A+ its attracting fixed point. For 
simplicity of notation, if A is parabolic, we denote the single fixed point in the 
same way. From the equivariance it easily follows that a Cannon-Thurston map 
preserves fixed points, namely 

*(5+) = P{g)^ for aU geV. 

Notice that in this we do not necessarily assume that p is type preserving, but 
that weakly type preserving is clearly a necessary condition for the existence of 
an CT-map. Denoting by Ap the subset of attracting fixed points, we see that 
the CT-map, if it exists, is the continuous extension of the above obvious map 
Ajt -^ Aft, to the whole of Ap. 

Here is an alternative view on the construction of CT-maps. The Cayley 
graph of F is naturally embedded in H^ by a map jr : 5F — )■ M'^ which sends the 
vertex g £ QT to g ■ O where O = Oq G H^ is a fixed base point and extends 
in the obvious way to edges, see Section [3] for details. Suppose that p: F — > G is 
weakly type preserving. Then define i: Jt{Q^) -^ H'' by setting i{jrig)) — jcid) 
on vertices and again extending in the obvious way. Clearly i is equivariant in 
the sense that i{hg ■ O) = p{h)i{g ■ O). If the map i extends (with respect to the 
Euclidean metric in the ball model) to a continuous map i : Ar — > Ac, it follows 
easily from the equivariance and continuity that i{g^) = p{9)^ for all g G F, so 
that i is an CT-map as defined above. (A necessary condition for this extension to 
work is that p be weakly type preserving.) 

The original interest in the Cannon-Thurston maps applied to the case in which 
F is a surface group and G a doubly degenerate group which is the cyclic cover of a 
3-manifolds fibering over the circle with pseudo-Anosov monodromy, ^, in which 



6 MAHAN MJ AND CAROLINE SERIES 

case of course Ar is a round circle and Aq = C. However we can also put results of 
Floyd 8 in this context. Floyd constructed the completion f of the Cayley graph 
of r with a suitable metric and showed: 

Theorem 2.1 ( 8J). Let T be a geometrically finite Kleinian group with group 
completion T. Then there is an equivariant continuous map F \ F — >■ Ar which is 
2 — 1 on parabolic points and injective elsewhere. 

Floyd's map gives a continuous extension of the embedding i : jr(5F) -^ H'^ 
to a map F — !• H'^ U 9IHI^. In the special case in which G contains no parabolics, 
Jr(^r) is a hyperbolic metric space and G can be identified both with its Gromov 
boundary and with Ar- For precise details of the connection between Floyd's result 
and maps of limit sets, see ^^. 

In Section [4] we give a criterion for the existence of a CT-map in the case in 
which F is any geometrically finite Kleinian group and /? : F — > G is a weakly type 
preserving isomorphism. It is not hard to deduce the above result of Floyd. In 
subsequent sections the criterion is extended to deal with converging sequences of 
groups. 

2.3. Notation. We denote the hyperbolic metric on IHI'^ by dn; sometimes we ex- 
plicitly use the ball model B with centre O and denote by dg the Euclidean metric 
on B U C. For P G H'^, write B^{P; R) for the hyperbolic ball centre P and radius 
R, with a similar definition for Euclidean balls Be- Let /3 be a path in H'^ with 
endpoints X, Y. We denote its hyperbofic length by i{(3) and write [/3] or [X, Y] 
for the H'^-geodesic from X to Y (so that i{/3) > i([f3]) with equality if and only if 
/? is itself geodesic). 

We write X ^ Y (resp. X )~ Y) to mean there is a constant c > such that 
X < cY (resp. X > cY) and X x F to mean X ^Y and Y -< X. We also write 
X -< Y to indicate an inequality up to an additive constant, thus X ^ Y means 
there is a constant c > such that c > such that X <Y + c; the notation Y )^ X 
is defined similarly. 

3. Embedding the Cayley graph 

Let G be a finitely generated Kleinian group with generating set G* = {ei, . . . , Cfc}. 
Its Cayley graph QG is the graph whose vertices are elements g G G and which has 
an edge between g^g' whenever g~^g' G G* . The graph metric do is defined as the 
edge length of the shortest path between vertices so that dQ{l,ei) — 1 for all i, 
where 1 is the unit element of G. Let \g\ (or where needed for clarity Igjc*) denote 
the word length of 5 G G with respect to G*, so that \g\ = dG{l,g). For X G GG, 
we denote by Bg{X; R) C GG the de-ball centre X and radius R. 

Choose a base point O — Og G H'^ which is not a fixed point of any element of 
G. One may if desired assume the basepoint is the centre of the ball model B. For 
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simplicity, wc do this throughout the paper unless indicated otherwise. Then QG 
is embedded in H^ by the map jc which sends 5 e G to jaig) = 9 ■ O, and which 
sends the edge joining g,g' to the H'^-geodesic joining Jg{9),Jg{9')- In particular, 
jg(1) — O. Note that using the ball model of H'^, the limit set Aq may be regarded 
as the completion of Jg{GG) in the Euclidean metric c^e on B U C. 

It will be important for us to understand the relationship between geodesic 
segments lying outside large balls in QG and in H'^. For geometrically finite groups, 
the main facts we need are encapsulated in the following theorem. Recall that for 
a path /3 C H"^, [/?] denotes the hyperbolic geodesic joining its endpoints. 

Theorem 3.1. Let G be a finitely generated geometrically finite Kleinian group. 
There exists a function /: N — > N such that f{N) -^00 as A^ —> 00 and such that 
if X is a da-geodesic segment in QG which lies outside Bq{1;N), then both jciX) 
and [jaW] He outside 3^(0; f{N)) inB.^. 

Our proof is based on the following result of Floyd whose proof we recall as it 
is fundamental in what follows. 

Proposition 3.2 ( 8J p. 216). Let G be a finitely generated geometrically finite 
Kleinian group with generating set G* , and let O € M^ be a fixed base point. Then 
there exist constants a,b,k > such that if G contains no parabolics then 

(1) b\g\<dn{0,g-0)<a\g\ VgeG, 
while if G contains parabolics then 

(2) 2log\g\~k<dMiO,9-0)<a\g\ ^g e G. 

Proof. The right hand inequality is easy: dmiO, g-O) < a\g\ where a — max{(ie(0, e^- 
O): e, eG*}. 

Now for the left hand inequality. Assume first that G contains no parabolics 
and thus is convex cocompact. Let 2? be a finite sided fundamental polyhedron for 
G, let A/" C H^ be the hyperbolic convex hull of the limit set Ac, and let V = AfnV. 
We may as well assume that O G T>' and note that by convexity the geodesic from 
O to c/ • O is in TV for aU g e G. 

Let d = diam V and let C = maxjlg] : dMiO,g ■ O) < 1 + 2d}. Let g e G. 
Divide the geodesic between O to g ■ O into intervals of length 1 (with one shorter 
interval) and connect each division point to the closest point in GO. This gives 
the estimate |g| < 1 + GduiO, g-O). 

Now suppose that G contains parabolics. Choose e < e^ such that H^ is an 
invariant set of disjoint horoballs around the cusps. Let V ~ V(e) ^ J\f\ UnenH. 
Then T>" = P'n V is compact and so has finite diameter. By reducing e if necessary, 
we can arrange that the horoballs are small enough so that the geodesic from O to 
Bi • O is in V for all the generators e^ G G* . Define a metric djj on V by setting 
(ijj(a:, y) to be the length of the shortest path in V between x and y in the induced 
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metric on V. Then just as above we obtain the estimate Ig] < 1 + Cd'Tjj{0,g ■ O). 
Now use Lemma A. 3 which says that for H £ % and points x,y £ dH, d'^{x, y) < 



exp da{x,y)/2. This leads to the left hand inequality in (pi). D 

A path /3 C HI is a K- quasi- geodesic if for any subsegment a G /3, 

ei[a])/K -K < l{a) < Kl{[a]) + K 

where as usual t{a) denotes the hyperbolic length of the path a and [a] is the 
hyperbolic geodesic with the same endpoints as a. We use heavily the important 
fact that a X-quasi-geodesic is at bounded distance from the geodesic with the 
same endpoints, with constants depending only on K^ see for example |10j . 

To deal with the thin parts of the manifold H^/G, we use the following exten- 
sion of this definition due to McMullen [16] . 

Definition 3.3. Let y C H^ he a Riemannian manifold. A path (3 : [0,1] —^ V is 
an ambient X-quasi-geodesic if 

e{a) < K£{-f) + K 

for any subsegment a C /? and any path ^ d V with the same endpoints as a. 



As in Section |2.1[ fix e < e^ and let V. — He denote the union of the lifts of 
the e-thin parts to M.^. We state McMullen's result as applied to V = -'^MJffe-H ^■ 

Proposition 3.4 (fl^ Theorem 8.1). Let /3 : [0, 1] — > V be an ambient K-quasi- 
geodesic. Then /3 lies within a bounded distance R{K) of [/3] U'H([/3]), where 'H([/3]) 
is the union of those H £% which meet [/?] . 

Remark 3.5. Although in this section we only need this result when all elements of 
T-Lc are horoballs, the result also holds when He contains Margulis tubes. Moreover 
the constants involved depend only on e and are independent of the group G. 

Here are two ways of constructing ambient quasi-geodesics. 

Lemma 3.6. Let 7 C QG be a path from I to g constructed as in the proof of 



Proposition 3.2 Then 7 is an ambient quasi-geodesic in V . 



Proof. By the construction, I7I x ^(z^), where ji is the shortest path from O Xo g-O 
in V. Since ^(Jg(7)) ^ ItL it follows that 7 is also an ambient quasi-geodesic in 
V. D 

Lemma 3.7. Suppose that G is geometrically finite and that X is a geodesic in 
{GG, da). Then Jg{^) is an ambient quasi-geodesic inV = M \ Y^He'H ^ ■ 

Proof. If G is convex cocompact, the result follows immediately from Equation (IT]), 
which says that any dc-shortest path is a quasi-geodesic in M^. 
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In the general case, consider any subsegment Ai C A and let x,y € QG be its 
endpoints. Let ^i be the shortest path in V joining JG{x)TJG{y)- As in the proof 
of Proposition|3.2[ there exists a path in QG from x to j/ of length L say, such that 



Since Ai is a shortest dfj-path from x to y we have |Ai| < L where |Ai| denotes the 
length of the geodesic Ai in QG. Thus 

£(jG(Ai))^|Ai|<i^%i) 

where the first inequality follows as usual from the right hand inequality of (pi). 
This shows that jci^) is an ambient quasi-geodesic in V as claimed. D 

Corollary 3.8. Suppose that G is geometrically finite and that X is a geodesic in 
{QG^do). Then Jq{X) lies within bounded distance of [jg{X)] U 'H([jg(A)]). 



Proof. This follows immediately from Proposition 3.4 and Lemma [377| D 



Proof of Theorem \3.1\ First assume that G contains no parabolics, equivalently, 
that G is convex cocompact. Suppose that A is a dc-geodesic segment in QG which 
lies outside Bg{1]N). Then inequality ([I]) in Proposition 3.2 gives du{0,h ■ O) > 



b\h\ > bN for all h £ jg(A). Hence jg(A) lies outside Bm{0; bN). 

Equation (fTl) says that Jg(A) is a ii'-quasi-geodesic in M^ with K ~ max{6, 1/a}. 
Thus Jg(A) is at bounded distance from the hyperbolic geodesic [Jg(A)] with the 
same endpoints, with constants depending only on K. Since JgW lies outside 
B]B[{0]bN), it follows that [Jg(A)] lies outside B^{P\bN — c) for some c > de- 
pending only on a, b. This completes the proof in the convex cocompact case. 

Now suppose that G contains parabolics. The left hand inequality of (l2| shows 
that jg(A) lies outside BmiO-JiN)) where f{N) >- 2 log TV. Without loss of gen- 
erality, we may as usual assume that the basepoint O G H'^ lies outside IJffe?^ ^■ 
It remains to show that a ^ [joW] lies outside some ball Bm{0; f{N)) for some 
fiN) ^- oo as iV ^- oo. 



By Lemma 3.7 JgW is an ambient quasi-geodesic in V. Let Pi, P2 be the entry 



and exit points of a to some horoball H e 'H{a). By Proposition 3.4 Pi and P2 lie 



within bounded distance of points on jg(-^); hence by ^ outside i3]a(0; 2 log A^ — c') 



for some c' > 0. Thus by Lemma A. 5 the segment [Pi, P2], and hence a, lies outside 



Bu{0; \ogN/2 - c") for some c" > 0. This completes the proof. D 

4. Existence of CT-maps 
In this section we state and prove a criterion for the existence of CT-maps, 



Theorem 4.1 Variants will be used later to prove our main results. 

In [19], the existence of CT-maps is discussed in the context of hyperbolic 
metric spaces. Suppose that i : X —>■ Y is a.n inclusion of such spaces. A Cannon- 
Thurston map in this context is by definition a continuous extension of i to a map 
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i: X ^Y, where for a hyperbolic space Z, dZ denotes the Gromov boundary and 
Z = ZlJdZ carries the natural topology obtained by extending the Gromov product 
to the boundary, see [T]. Lemma 2.1 of [12] asserts that a Cannon-Thurston map 
exists if and only if for all M > and x Q X, there exists A^ > such that if 
a geodesic A in X lies outside an A^-ball around a; in X, then any geodesic in Y 
joining the endpoints of A lies outside the M-ball around i{x) in Y. 

If now p: r — > G is a weakly type preserving isomorphism of Kleinian groups, 



then as explained in Section 2.2 the CT-map i: Ar -> Aq is the continuous exten- 
sion, if it exists, of the embedding i : jr{G^) -^ H^, «(jr(ff)) — JGP[g),g G T- It is 
well known that if 7f is a finitely generated convex cocompact Kleinian group, then 
its Cayley graph QH with the word metric is a hyperbolic space and the metrics 
d-H on QH and the induced hyperbolic metric on jh{QH) are equivalent. Moreover 
the limit set A// may be naturally identified with the Gromov boundary of QH ^ 
see [10]. Thus if both groups F, G are convex cocompact, the above result is a crite- 
rion for the existence of the CT-map z : Ar — J^ A^j. The main result of this section 
is the following theorem which extends this to a criterion which applies without the 
assumption of cocompactncss on either F or G. Notice that the hypothesis does 
not require that the image group G be geometrically finite. 

Theorem 4.1. Let p: T ^^ G he a weakly type preserving isomorphism of finitely 
generated Kleinian groups and suppose that F is geometrically finite. The CT-map 
Ar -^ Ac exists if and only if there exists a non-negative function f : N ^- N, such 
that f{N) — >■ 00 as N ^ CO, and such that whenever X is a dr -geodesic segment 
lying outside Br{l-, N) inQT, the W^ -geodesic joining the endpoints o/?(jr(A)) lies 
outside Bu{OG]f{N)) znH^. 

Proof. Since the result is clearly independent of the choice of basepoints for F 
and G, for simplicity we take Or = Oq = O e B. As explained in Section |2.2[ 
the existence of the GT-map is equivalent to the statement that i extends to a 
continuous map i : (Ar U jr(5F), ^e) -> (Ag U JG{QG),d^). 

Suppose first that i extends continuously. For each A^ g N, let 0(A^) — sup{L}, 
where the sup is taken over all L > with the property that for all dp-geodesic 
segments A lying outside By-{1]N) C ^F, the H^-geodesic [iiiri^))] joining the 
endpoints of «(jr(A)) lies outside Bj^{0]L). (Here <p{N) = is possible.) Suppose 
that sup^{0(7V)} < K < oo. Then we can find a sequence of dr-geodesic segments 
Xn C ^F such that Xn hes outside the ball Br{l; N) in QT while (5^ — [«(jr(AAr))] 
meets the ball B]g[{0;K + 1). Thus passing to a subsequence, the endpoints of 



i(jr(Ajv)) converge to distinct points in Aq. However by Theorem 3.1 there exists 
fi{N) such that the geodesic [jr(AAr)] Hes outside Bm{0; fi{N)), and such that 
fi(N) — >■ oo as A^ — >■ oo. It follows that after passing to a further subsequence, the 
endpoints of jr('^7v) converge to the same point in Ar. This contradiction shows 
that (f>{N) — > oo with N and so the criterion is satisfied with f — (j). 
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Now we show that the condition is sufficient. First we need to define z: Ar — > 
Aq. f f ^ G Ap is a parabolic point corresponding to a parabolic p G F, using the 
hypothesis that p is weakly type preserving we define z(^) to be the unique fixed 
point of p{p). 

Now assume that ^ is not a parabolic fixed point. Note that i : jr{G^) —> EI'^ is 
proper (with respect to the hyperbolic metrics), for if not, there exist points g„ • O 
converging to Ar such that {i{gn ■ O)} lie in a compact set in H'^, which contradicts 
our hypotheses. By definition, if <^ G Ar, then there exists a sequence g^ € F such 
that jr{gm) — i> 'C ill the Euclidean metric d^. Since i is proper, i{jr{gm)) has a 
subsequence which converges to a point 77 G Aq. We want to define i(^) = 77, so 
we need to see that rj depends only on ^ and not on the sequence g„i. So suppose 
that g'j^ £ G and jr{g'm) -^ ^ i^ {V>iiC, d^), but that i{jr{g'm)) ^" v' ^ ^G where 
1] ^ rf. 

Fet Am be the dp-geodesic joining g^ and g'^. Since gm'O ^)- ^ and g'^ • O — > ^, 
the H^-geodesic a^ = [jr{Kn)] joining jr(ffm) and jr(5m) lies outside Bu{0,Nm), 
where N^ — ?> 00 as to — > 00. We claim that jr{^m) also lies outside some ball 
Btsi{0, Mm) in H'^, where M„i — > cx) as m — > 00. 

Fet H — Hex denote the set of lifts to IHI'^ of the thin parts of H^/F, where 
e < e^i is chosen so that all elements of Ti are horoballs. By Corollary |3.8[ jr{^m) 
is at uniformly bounded distance to a,„U'H(a„i) where Hiam) CH is the union of 
those thin parts traversed by am- By Femma [A.5 if the entry and exit points P, P' 



of am to a component H of 'H(am) are at distance at least N to the base point 
O, then the segment [P, P'] C am is at distance at least N/A — c from O for some 
universal c > 0. It follows that jr(Am) is outside a large ball B^{0,N'^) where 
N'm y Nm, unless there is an infinite subsequence of the a™ each of which contains a 
segment [Pm,Pm] contained in a horoball Hm G 'H[am), such that Pm G B'^{0,K) 
for some K > independent of to,. Since there are only finitely many horoballs 
which meet Bji{0,K), up to passing to a subsequence we may assume that all the 
am pass through a fixed horoball H . Since ^ is not a parabolic point, it is not the 
basepoint of H . Hence by taking to large enough, we can clearly find gm ■ O and 
g'm ■ O close enough to ^ so that am does not intersect H. This contradiction proves 
that jriKn) lies outside some ball -Bh(0, Mm) in H'^ as claimed. (Note that if ^ is 
a parabolic fixed point the above discussion fails. For then we can find sequences 
gm ■ 0,g'm ■ O which converge to ^ while the dp-geodesic Am joining gm and g'm is 
such that jr(Am) follows around the horoball H € V. based at ^ and hence always 
penetrates a hyperbolic ball Bm{0,K) for fixed K > 0.) 

If Jr(Am) lies outside some ball B^{0,Mm), it follows immediately from the 



inequalities in Proposition 3.2 that A„j lies outside some ball Br{l, M^-^) C ^F, 
where Mm — !• 00 as ?7i — > 00. On the other hand since r] y^ r]', there exists R > 
such that the H'^-geodesic joining rj to 1]' has to pass through Bm{0;R). Hence 
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there exist constants c > and toq G N such that for all m > toq, the H'^-geodesic 
[«(jr(A„0)] joining joigm) and Jg{9'„i) passes through Bm{0; R + c). Since i? + c 
does not depending on the index m, this contradicts the hypothesis of the theorem, 
so 7] = rj' and we can define i(^) = liuim^oo JGidm) for any sequence Jr(ffm) -^ £,■ 
This completes our justification of the definition of the map i. 

Now we turn to the continuity of i. If i is not continuous, there exist sequences 
Xm, x'„-^ e jr(^r) U Ar such that d^ixm, x'„^) — > but so that i{xm), i{x'm) converge 
to distinct points in Kq. Replacing the points x„i, x'^ by points in jy{QT) if needed, 
it suffices to show that for every sequence gm ■ O ^ jr{G^) with g™ • O — >■ ^, we 
have jcigm) -^ ^(C)- This is of course exactly what we have already done, except 
in the case in which ^ is the fixed point p* of a parabolic p € T. 

So suppose that Xm = gm ■ O ^f p* but i{xm) does not converge to p{p)* ■ Also 
let Ujn — p'" ■ O so that i{um) — p{p)"^ ■ O -^ p{p*)- Let Am be a dr-geodesic from 
g,n to p™ in QT and consider the H^-geodesic 7,„ = [jri^m]]- If -^(im) is bounded 



independent of m then by Lemma A. 3 |Am|r must also be bounded. It follows that 
i{um) rnust be at bounded distance from i{xm) and so i{xm) — )■ p(j>)* contrary to 
our assumption. 

Otherwise, £{'jm) — > oo as m — >■ oo. Let H be the horoball based at p* . If all 
but bounded length initial and final segments of 7™ are in H, then Xm. and u-m are 
at bounded distance to H. By Lemma [4.3| below, we may assume that g„i = hp™ 
where h e Stabr^ff. In this case i{xm) = p{h)p{p)"^ ■ O and clearly |/ip™|r — > 00 
since i{^m) -^ 00. Thus i{xm) -^ p{p)* again contrary to our assumption. 

We have thus reduced to the case in which 7,„ contains a segment 7^ outside 
H such that ^(7^) — J> 00 with m. Let A^ = Jr ^'''^^(7m) where tt is the orthogonal 
projection from jr(Am) to 7„i. The projection of jr(A^) to 7^ is at bounded 
distance to 7,'„ U 'H{'^'„^) and clearly H ^ H(7^„). Thus by the same arguments as 
above, jr(AJ„) lies outside a fixed ball B'^{0; K) for all m and hence A^ hes outside 
a ball of fixed radius in QT . 

On the other hand, the endpoints of ijr(AJ„) converge to distinct points and 
so iJT{\'m) always meets a fixed ball B^{0\ K') for some K' > 0. The sequence A^ 
thus violates the hypothesis of the theorem and we have proved that whenever Xm —> 
p* , i{xm) converges to p{p)* ■ In view of our previous discussion, this completes the 
proof of continuity of i. D 

We immediately deduce our first main result which can be viewed as the con- 
vergence of a constant sequence of CT-maps. 

Theorem 4.2. Let F, G be finitely generated geometrically finite groups and let 
(/) : r — > G be weakly type preserving isomorphism. Then the CT-map i : Ap — > A^ 
exists. Moreover if ^ (z Ar and gr G F, g^ • O — > f, then i{^) = limr-1.00 p{gr) • O. 

Proof. This follows immediately from Theorems |4.1| and |3.1[ D 
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Here is the lemma used in the proof of Theorem |4.1| 

Lemma 4.3. Let T be a geometrically finite Kleinian group. There exists c = 
c(r) > with the following property. Let X be a geodesic segment in QT, and 
let n denote projection from jr(A) to [jr(A)]. Suppose that for some g,h G T, 
the segment of Jy{X) from jr{g) to jr{h) projects to an arc contained in a single 
component T G HeX of the lift to H^ of the e-thin part ofM^/T for some e < e^. 
Then g~^h — g^^zgy where z G Stab^T and dr(l, y) < c. 

Proof. For X E Jr(A) let n(^) be the point on dT at which the perpendicular 



from X to [jr(A)] meets dT. By CoroUary[3^ there exists D = D{T) > so that 
dM{X,U{X)) < D for aU X £ jr{X). 

Let V be the Dirichlet domain for F with centre O. There exists c > such 
that any polyhedron which meets the Z?-neighbourhood of T> must be of the form 
xT> where dr{l,x) < c{D). Thus since g ■ O £ gV and since 11(5 • O) is a bounded 
distance away from gO, we have Il{g-0) £ gxiD where Xi £ i3r(lj c(D)). Likewise 
n(/i • O) £ hx2T> with X2e Br{l, c{D)). Since U{g ■ O), U{h ■ O) £ dT, there exists 
z £ StabrT such that zgxiD = hx2D from which we get zgxi — hx2 and so 
g^^h = g^^zgxiX2 which gives the result. D 

5. The criterion for uniform convergence 



In this section we prove our criterion Theorem |5.6| for the uniform convergence 
of a sequence of CT-maps corresponding to a converging sequence of representations 

Pn- 

Let F be a fixed geometrically finite Kleinian group and suppose that /?„ : F — > 
PSL2{C) is a sequence of discrete faithful weakly type preserving representations 
converging algebraically to poo : F — >• PSL2{C). Let G„ = pn{T),n = 1,2, ... ,00 
and write A„ for A^^ . To normalize, we embed all the Cayley graphs with the 
same base point O = Og„ for all n and set jn{g) — JG„(3) = Pn{g) ■ 0,g £ QT. 
Let in'. jr(^F) — > jn{GG„) be the obvious extension to QT of the map jrig) *-^ 
3n{9),9& GT. 



By Theorem 4.1 i„ : Ap —>■ A„ exists if and only if there exists a function 
/„ : N ^ N, such that fn{N) — > 00 as A^ — > 00, and such that whenever A is a 
dr-geodesic segment lying outside i?r(l; A^) in ^F, the H'^-geodesic [i„(jr(A))] lies 
outside -Bh(0; /„(A^)) in H^. Assuming they exist, we shall say that the CT-maps 
in '. Ar — )■ A„ converge uniformly (resp. pointwise) to ioo if they do so as maps 
from Ar to C. 

Before stating the convergence criterion, we introduce a property UEP (Uni- 
form Embedding of Points) of the sequence (pn)- 

Definition 5.1. Let p„ : F — > Gn be a sequence of weakly type preserving iso- 
morphisms of Kleinian groups. Then {pn) is said to satisfy UEP if there exists a 
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non-negative function f: N — > N, with f{N) — > oo as N ^ oo, such that for all 
5 e r, dr(l,.g) > N implies d^(pn{g) ■0,0)> f{N) for all neE. 

Here is an alternative characterisation of UEP. 

Lemma 5.2. For N E N, define 

UN = ini{t > : dmipnig) ■0,0)> t}, 

where the infimum is taken over all g E T with \g\ > A^ and all n. Then {pn) 
satisfies UEP if and only if u^ ^- cx) as N ^ oo. 

Proof. Clearly . . . un < w^y+i for all N. If upj — >■ oo as A'^ — > oo, then (/?„) satisfies 
UEP with f{N) ^UN. 

Now suppose there exists i^ > so that un < K for all N. Suppose (/?„) 
satisfies UEP with the function /. Choose N so that f{N) > K + 1. From the 
definition of un, there exist g, n, such that \g\ > N while jnig) S ^h(0, A'). On 
the other hand, by UEP jn{g) is outside B^{0,f(N)). This is impossible. D 

Proposition 5.3. Suppose that a sequence of discrete faithful weakly type preserv- 
ing representations (p„: F — > PSL2{C)) converges algebraically to poo- Then {pn) 
converges strongly if and only if it satisfies UEP. 

Proof. Suppose that the sequence of representations (/9„(F)) converges algebraically 
and satisfies UEP with a function /. If the convergence is not strong, then there 
exists a sequence (pn(3m„)) with \gmn\ — > oo and n — )■ oo which converges in 
PSL2{C), and hence for which dM{pn{gm„) -0,0) < M for some M > 0. 

Choose N e N such that f{N) > M. Then dr(l,.9) > N impHes duipn{g) ■ 
0,0) > f{N) > M. So for any n, dw{pn{g) -0,0) < M implies dr(l,g) < N. 
Since the ball Br{l',N) C ^F is finite, we must have gm = g* for infinitely many 
m and some g^, € By'{1;N). This contradicts \gm\ ~^ oo. 

Conversely if UEP fails, by Lemma [5 . 2 1 there exists K > such that with un 
defined as in that lemma, un < K for all N. Thus for all N there exist ^at € F and 
UN E N such that dH(/On„(ffAr) -0,0) < K + 1 and {g^l > N. Hence (/3„„(5Ar)) 
has a convergent subsequence while \gN\ ~^ oo, which is impossible by the strong 
convergence. D 

Now we introduce a further property UEPP (Uniform Embedding of Pairs of 
Points) of the sequence (pn). 

Definition 5.4. Let p„: F — > G„ be a sequence of weakly type preserving isomor- 
phisms of Kleinian groups. Then {pn) satisfies UEPP if there exists a function 
/i : N — )■ N, such that fi{N) — >■ oo as N ^ oo, and such that whenever A is a dr- 
geodesic segment lying outside Br{l; N) in QT, the M.'^-geodesic [jn(A))] lies outside 
BMiO;fi{N)) for aline N. 
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Note that if a sequence of representations (p„) satisfies UEPP, then it auto- 
matically satisfies UEP and so by Proposition [5^ if it converges algebraically then 
it also converges strongly. We also remark that the condition of UEPP is just the 



statement that the second condition of Theorem 3.1 holds uniformly in n. 

Here is an alternative characterisation of UEPP, whose proof is essentially 
identical to that of Lemma 15.51 



Lemma 5.5. For iV e N, define 

VN = inf{i > : duUjuWlO) > t}, 

where the infimum is taken over all QT geodesies A which are outside Br{l,N) and 
all n. Then p„ satisfies UEPP if and only ifv^ -> cxd as N —^ oo. 

Our main criterion for uniform convergence of CT-maps is the following: 

Theorem 5.6. Let T be a geometrically finite Kleinian group and let pn : T ^ 
Gn he weakly type preserving isomorphisms to Kleinian groups. Suppose that pn 
converges algebraically to a representation p^. Then if {pn) satisfies UEPP, the 
CT-maps i„ : Ar -^ A„ converge uniformly to ioo- If ^ is non- elementary, the 
converse also holds. 

Remark 5.7. The converse result is not needed for the proof of Theorem [A] but 
we include it for completeness. To see that the converse fails if P is elementary, 
consider the sequence of groups < A^ > where A^ is a single loxodromic converging 
to a parabolic A^o in such a way that a subsequence of powers A™" has geometric 
limit B where B is a parabolic and < B, Aoo > — '!?. For the detailed construction 
of such an example, see jT5] Section 4.9. 



To prove Theorem |5.6| we need a lemma which ensures that dp-geodesic paths 
lying outside a large ball eventually have small visual diameter. 

Lemma 5.8. Let p: P — > G„ he weakly type preserving isomorphisms of finitely 
generated Kleinian groups. Suppose that G„ converges algebraically to a group 
Goo, normalised as above. Suppose that {pn) satisfies UEPP. Then there exists 
/2 : N — >■ N such that f2{N) — J- oo as N ^ oo, and such that for all g € QT lying 
outside Br{l;N) and m,n > f2{N), the M^-geodesic [jm{g),jn{g)] lies outside 
Bu{0-f2{N)). 

Proof. Given A^ G N, by the algebraic convergence we can choose A^o such that 
for all m,n > A"o and g £ Br{l;N + 1) we have d^{j„i{g),jn{9)) < 1- Now, let 
h e r he such that dr{h,l) > N + 1. For g,g' e ^P, denote by [g,g']r a dp- 
geodesic segment in QG from g to g' . Let ho G [1, h]r such that dr(l, ho) — N. By 
hypothesis, the H^-geodesic segments -fm = [jm{[ho, h]r)] and 7„ = [jn{[ho, ^]r)] he 
outside -Bh(0; fi{N)). Let 5 be a hyperbolicity constant for H^, in the sense that 
any side of a triangle is contained in a (5-neighbourhood of the other two. Then the 
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H'^-geodesic segment [jm{h),jn{h)] is within distance 26 of 7„jU7„U[jm(/io)i jnCio)] 
and hence Hes outside the {fi{N) — 1 — 2(5)-ball around O e M'^. Choosing f2{N) — 
maxjiVo, fi{N) -1-26} gives the result. D 



Proof of Theorem 5.6 Given ^ G Ar, choose gr £ T^gr ■ O ^ £,. Since V acts 



properly discontinuously on H , \gr\ — > cxi as r — > oo. By Theorem 4.2 ?„(^) = 

limr_i.oo Pn{gr • O) for n = 1, 2, . . . , oo. We first show that if (p„) satisfies UEPP, 

then limr_j.oo Pn{gr) ■ O converges to lim^-j-oo Poo(ffr) ■ O uniformly in ^ as n — )■ oo. 

By UEPP, given TV G N, there exists fi{N) such that for all n and ^, in{gr) = 



Pn{gr) O is outside B^{0\ fi{N)) whenever \gr\ > N. Thus by Lemma 5.8 the H'^- 
geodesic [inidr) , 'imigr)] is outside B]g[3{0; f2{N)) whenever {g^l > N and n,m > 
f2{N), where f2{N) is determined from fi{N) as in that lemma. Thus working 
in the ball model with d^ denoting Euclidean distance, from Lemma [A. 1| we have 

dE{inigr),imigr)) -< e^ ^^''^^ whenever \gr\ > N and n,m> f2{N). 

we 



A.l 



Now in{gr) — >■ in{S,) as r — > oo. Moreover by UEPP and Lemma 
have dE(in{9r),hi{gs)) -< e~-f^^^^ whenever \gr\, \gs\ > N. Thus dE{in{gr) , iniO) -< 
e-h{N) whenever \gr\ > N. So dE(L(0:*m(0) < {e~f^^^^ + e'f^^'^^) which gives 
uniform convergence. 

To prove the converse, suppose the convergence is uniform and that F is non- 
elementary. Uniform convergence implies diagonal convergence and hence that the 
limit sets of the geometric and algebraic limits are the same. Now Theorem |1.1[ 
together with the assumption that F is non-elementary, gives that the convergence 



is strong. By Proposition 5.3 this implies UEP. 



Suppose that UEPP fails. By Lemma 5.5 the sequence w^r = inf{t > : 
(i([j„(A)], O) > t} is bounded above by K say, so for all N there exists a tJF geodesic 
Xn and n^ E N such that X^ is outside Br{l,N) while [juNi^N)] intersects the 
hallBMiO,K). 

We claim that n^ — !• oo as A^ — ?► oo. If not, there exists L > such that 
n^r < L for all A^. By Theorem |3.1t for each r there is a function /^ : N — > N with 
fr{N) — > OO with A^, and such that if A is outside _Br(l, A^) then [jr(A)] is outside 
BuiO, friN)). Thus if A^ is large enough that min{/i(iV), /2(A^), . . . , fLiN)} > K 
then [jnjv('^Ar)] is outside Br{l,K), contrary to the choice of Xn- 

Thus the sequence n^v is unbounded, so that we can choose a sequence Uj. ^>- oo 
and QT geodesies A^ such that Ar is outside i?r(l, r) while [jn^{Xr)] meets i?r(l, K) 
for all r. 



Suppose that Ar has endpoints gr,hr G ^F. By Theorem 3.1 after passing to 
a subsequence we may assume that the points gr ■ O and hr ■ O converge to the same 
point ^ G Ar. It follows from Lemma [A.l| combined with UEP and the uniform 
convergence that in^igr) and i„^(/ir) both limit on iooiS,) G Aqo, contradicting the 
fact that [jn^(Ar)] meets Bm{0,K) for all r. D 
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Proof of Theorem \l.S\ Theorem [A| gives an alternative proof of Theoreni |1.2| With 
the notation of the statement in the Introduction, by Theorem |4.2[ if F is a finitely 
generated Fuchsian group and p: F — >■ Gz is a type preserving isomorphism to a 
quasi- Fuchsian group Gz , the natural map i^ ■ Ap — >■ Aq extends to a continuous 
map iz- Ar — >■ Aq ■ 

Now replace the parameter z g A by a sequence (z„) — >■ z^o and write G„ 
for Gz^ etc. Suppose that F,G„,Goo are all quasifuchsian. If (G„) converges 
algebraically to Goo, it automatically converges strongly. Hence by Theorem [5] the 
GT-maps z„ : Ar -> Ag„ converge uniformly to ioo- Uniform convergence gives 
diagonal convergence. Since this argument applies to any sequence Zn € A with 
limit Zoo G A, we easily deduce joint continuity of the map i^. 

Let ^ e Ar and pick a sequence of attractive fixed points ^m — g^ — > ^ where 
gm G r are hyperbolic. The maps z i— > Pz{gm)^ — izi^m) are holomorphic for 
each m and by our result iz{£.m) -^ *z(C) for each z. Moreover the family of maps 
z '-^ iziS.Tn) is uniformly bounded and hence normal. It follows that z >-;> iziO is 
holomorphic as claimed. D 

6. Strong convergence 

In this section we prove Theorem|Aj that if a geometrically finite group Goo is a 
strong limit of a sequence G„, then the corresponding GT-maps converge uniformly. 
To do this, it is sufficient in view of Theorem |5.6| to check the criterion UEPP. The 
main ingredient is the following uniform bound on the diameters of the thick parts 
of the convex cores. Note that as long as the geometric limit is geometrically finite, 
the hypothesis only requires algebraic rather than strong convergence; this will be 
important when we come to the proof of Theorem [B] 

Proposition 6.1. Suppose given a sequence of geometrically finite Kleinian groups 
G„ = Pii (r) where F is geometrically finite and the representations pn are faithful 
and weakly type preserving. Suppose that the sequence (G„) converges geometri- 
cally to a geometrically finite group H . Then the algebraic limit Goo *s geometri- 
cally finite. Moreover the thick parts of the convex cores have uniformly bounded 
diameters. 

Proof. For the first statement, see [TS] Theorem 4.6.1. By the same result, the 
limit sets A„ converge to Ah in the Hausdorff topology and the ordinary sets r2„ 
converge to fi/f in the sense of Carathcodory. 

Let Vh be a fundamental domain for H and let Mh be the hyperbolic convex 
hull of the limit set Ah- Denote by Vh = Ve.H the e-thick part oi Mh relative to 
H and define 2?„ , Mn , V„ similarly. 

Since H is geometrically finite, we can find a hyperbolic ball Br — B^{0] r) C 
H'^ which contains Vn^yDn- By geometric convergence we have uniform convergence 
of Vn to Vh inside B^.. Moreover the Hausdorff convergence of A„ to A^ implies 
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that inside _B,., J^n is eventually contained in a bounded neighbourhood of Mh- 
This does not however automatically give a uniform bound on the diameters of A/'n, 
as it says nothing about what happens far outside Bj.. 

To understand the problem outside Br, consider the following toy example. 
Let Z = {{x,y): x £ [l,oo),0 < y < 1/x} C M^ Let Z„ be the part of Z 
with X S [0, 2?i]. Let C„ C M^ be the disk of radius n and centre 2n G M. and 
let Qn = Z„ U C„. Then the sets Qn converge uniformly on compact sets in the 
Hausdorff metric to Z and Z has finite area, but diam Qn — >■ oo. 

To resolve this problem it we shall prove the following claim: there exists 
A > such that if Vn n 2?„ contains points outside Br+2+A, then there are points 
of V„ n Vn in the shell between B^+i and 5^+2- 

Suppose the claim holds. Suppose that (up to a subsequence) there are points 
Xn <= V„ n 2?„ with dji{0,Xn) > r + 2 + A. Use the claim to choose points 
Yn £ VnC] Vn with r + 1 < d^{0, F„) < r + 2. By compactness we may assume 
y„ — > y e Nh, and by the geometric convergence of I?„ to Vh inside -8^+2, we have 
Y E Vh- Since Y is outside Br it must be in the complement oiVHl^Vn, that is, in 
the thin part oi Mh H Vh- So there exist h E H and a neighbourhood U oiY such 
that such that dmihY' , Y') < e for all Y' e U. Choose g„ e F with PniOn) -> /i- We 
have dMiPn{gn)Y' ,Y') < e for all large enough n and hence dm{pni9n)Yn,Yn) < e 
as n — )■ oo. This contradicts the choice of y„. We conclude that eventually V„ n I?„ 
is contained in Br+2+A so that the sequence of diameters V„ fl Vn is uniformly 
bounded above. 

Now we prove the claim, which can be seen as a very rudimentary form of 
Canary's filling theorem [3]. Since all groups Gn are isomorphic and geometrically 
finite, the boundaries dAfn/Gn are homeomorphic and the thick parts of 9A/'„/G„ 
have uniformly bounded diameter A say (depending only on the maximum genus 
of the hyperbolic components of 9A/r/r). If there are points of V„ n 2?„ outside 
Br +2+ A, then there are also points of (?V„ n I?„ outside Br+2+A- Then any com- 
ponent Sn C dMn/Gn Containing such points is outside Br+2- Since dNn/Gn has 
finitely many components, passing to a subsequence, we may fix one such compo- 
nent which is homeomorphic to some fixed hyperbolic surface S, and whose thick 
part lies outside Br+2- (Since we arranged that V„ n 2?„ C Br), we do not have to 
worry about components of dNn/Gn on the boundary of horoballs or tubes.) 

Fix a lift S C dMn and let ly C C denote the component of the regular set f^r 
of F corresponding to S. Let K = Stab W^ C F. Since i<r C F is non- elementary 
(because S /K is a hyperbolic component of 9A/r/F), we can choose a pair of non- 
commuting elements a,/3 E K, both of which are non-trivial in F and hence in H. 
(For the fact that F injects into H, see Lemma 4.4.1 in [H].) Since by geometric 
finiteness only finitely many elements of F are parabolic or short in H, we may 
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assume in addition that neither a nor f3 is parabolic or the core of a large Margulis 
tube in H. 

Set M„ = M^/Gn and Mh = M^/H and let O* , O^ be the projections of the 
basepoint O G H"^ to Mn^Mn respectively. Let dn,dH denote distance in MmMn 
respectively. Note that no pair of loops in the homotopy classes [a], [f3] of a, /3 can 
be contained in the same component of a thin part of M„, since the fundamen- 
tal group of any such component is abelian. Choose loops a„ € [a] , /3„ g [/3] on 
S C dAfn/Gn- By construction the distance from each of a„,/3„ to O* is at least 
r + 2. On the other hand, in Mh, the geodesic representatives yOoo(a)*, Poo(/3)* 
are contained inside Afn/H and hence, since by construction neither is parabolic 
in H and additionally neither is in the thin part of Mh, d}j{poo{oi)* ,0*) < r and 
similarly for /3. By algebraic convergence, we can find lifts to H'^ of the geodesic rep- 
resentatives pn{a)* , pn{(3)* of [a], [/3] in M„ near to corresponding poo(a)*, Poo(/3)* 
in H^. Hence (i„(pn(a)*, O^) < r + 1 for sufficiently large n, and similarly for /3. 

Choose homotopies H^,H^ between yO„(a)* and a„ and between /9„(/3)* and 
/3„. More precisely, let H^ be the image of a continuous family of maps ft : [0, 1] — > 
Mn,te [0, 1] with /o([0, 1]) = pn{ay and /i([0, 1]) = a„, and similarly for H]^. 

Let dB{0*^;R) denote the boundary of the ball of radius R centre O* in A/„. 
By construction, a„,/3„ lie on a component of dJVn/Gn outside i3(0*;r + 2), so 
H'^, H^ must both intersect the shell between B{0*^;r + 1) and B{0^; r -\- 2), and in 
particular the surface dB{0^; r + 3/2). (Note that dB{0':^; R) is just the projection 
of the boundary of the ball of radius R in H'^ and hence an immersed 2-manifold in 
M„.) Hence we can find paths ai € [a], Pi G [/3] in dB(0*^;r + 3/2). In detail, by 
adjusting H^ slightly if needed, we can arrange that dB{0^; r + 3/2) and HJ^ are 
transverse, so that the intersection dB{0^; r + 3/2)r\H2 consists of a finite number 
of closed loops. Adjust HJ^ to 'push off' any components which are homotopically 
trivial. Since H^ is a cylinder whose two boundary components are separated by 
9S(0;;r -I- 3/2), dB{0:^;r + 3/2) n H'^ must contain at least one homotopically 
non-trivial component which we take to be ai. The construction of /3i is similar. 

As discussed above, ai and f3i cannot both be contained in the thin part of 
J^n/Gn- Lifting to M? , this produces the points Yn as required. 

Thus V„nl?„ is eventually contained in a compact ball B^, which immediately 
gives the required bound. 

D 

It is now easy to prove Theorem [A] 

Proof of Theorem Pj By Theorem |5.6| it is sufficient to check that the sequence 
[pn) satisfies UEPP. In other words, we have to check that the second condition of 
Theorem |3 . 1 1 holds uniformly in all the groups G„. To do this, we go through that 



proof of Floyd's result Proposition 3.2 with this requirement in mind. (Notice that 



Poo is automatically weakly type preserving.) 
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First consider the right hand inequahty of (IT]): d^iOjg ■ O) < a\g\ where 
a — maxid{0,ei ■ O) and {ei, . . . ,6^} is a finite set of generators for F. Alge- 
braic convergence imphes that Pn{&i) converges to Poo(ei) for each i, so we have 
maxi (i(0, p„(ei) ■ O) < A for some uniform A independent of n. Thus the right 
hand side of (fTj) holds uniformly, precisely: 

dn{0,pn{g) ■ O) < A\pn{g)\ = A\g\ for all 5 G F and n e N. 

We now need to prove the left hand inequality. The constants involved are 
the diameter d of the truncated fundamental domain P n V, and the constant 



C — maxjl^l : de(0, g ■ O) < I + 2d} in the proof of Proposition 3.2 



The diameters of the truncated fundamental domain I?„ n Vn are uniformly 



bounded by Proposition 6.1 That we can choose the constant C„ = max{|g| 



dM{0,g • O) < 1 + 2d} with a uniform bound C„ < C for all n follows immediately 



from UEP which has already been proved in Proposition 5.3 



The proof now follows exactly as in Theorem 3.1 using in addition the distor- 



tion Lemmas |A.4| and |A.6| for Margulis tubes. D 

7. Algebraic limits 

7.1. Pointvirise convergence criterion. In this section we prove Theorem |Bj We 
will use conditions similar to UEP and UEPP, relaxed so as to allow for dependence 
on the limit point £_. We call these new conditions EP{£^) (Embedding of Points) 
and EPP{^) (Embedding of Pairs of Points). 

Let G be a geometrically finite Kleinian group with generators G* = {ei, . . . , e^}, 
and let ^ € A^. Suppose given a sequence €{-^,61^ ... G G* such that setting 
gr = Ci^Ei^ . . . Ci^ we have 5„-0 —> ^ in H'^U^H'^. We denote the infinite path joining 
vertices 1, gi, (72, ffs, ■ ■ • in GG by [1, ^) and write jais-i^ei^ . . . e^J for the piecewise 
geodesic path in H^ joining in order the points JG{9r),JG{9r+i), ■ ■ ■ ,Jg{9s)- 

Definition 7.1. Let T be a fixed finitely generated Kleinian group and /)„ : F — > G„ 
be a sequence of isomorphisms to Kleinian groups Gn- Let ^ G Ar and let (gr) = 
[1,^) be any infinite path as above. 

(1) The pair {{pn), [1, £,)) ^^ ^^^'^ ^'^ satisfy EP(S,) if there exist functions /^ : N — > 
N andM^: N -J> N, with f^{N) ^ 00 as N ^ 00, such that for all g G [1,0^ 
rfr(l,5) > N implies dm{pn{g) ■0,0)> f^{N) for all n > M^{N). 

(2) The pair {(pn), [1, £,)) satisfies EPP{^) if there exists a function fi^^{N) : N — > 
N such that fi,^{N) -^ 00 as N ^^ 00 such that for any subsegment 
Si^^i^+i ■■■e-i, o/[l,^) lying outside Bt {I] N) inQT, the geodesic [jn{gi,), jnigi J] 
lies outside Bm{0; fi^^{N)) for all n > M^{N), where M^ is as in (1). 

Remark 7.2. Although a priori the conditions EP{S,),EPP{^) depend on the 
choice of sequence Ci-^^Ci^ . . ., it will follow from our proof below that (in the case 
of geometrically finite limits) provided we choose suitable paths [1, Oj they depend 
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only on ^. To do this we will restrict the class of paths used, so that [1, ^) is quasi- 
geodesic and satisfies an additional hypothesis which ensures that it tracks shortest 
Euclidean paths across the boundaries of rank 2-horoballs. We call such paths 
standard. It is not completely obvious that such paths [1,^) exist; we prove this in 



Proposition 7.5 below. We will show that for a sequence (/?„) of representations as 
in the hypotheses of Theorem IbI the conditions EP{£_) and EPP{^) hold for any 
standard quasi-geodesic [1,^)- 

Although clearly, EPP{S,) implies EP{S,), we shall first prove EP{^) and de- 
duce EPP{C)- 

Theorem 7.3. Suppose that p„ : G — > PSL2{C) is a sequence of discrete faithful 
representations converging algebraically to p^o'- G -^ PSL2{C), and suppose the 
corresponding CT maps i„ : Ar — >■ Ag'„ exist, n — 1 , 2 . . . , oo . Let ^ G Ar . Then 
iniO -^ iociS.) as n^ OO if ((/9„);C) satisfies EPP{^). 



Proof. The proof is the same as that of Theorem |5.6[ Lemma |5.8| works just as 
before with the condition EPP{^) replacing UEPP. Notice that in both of these 
proofs, it is sufficient to require that the conditions (1) and (2) hold only for all 

n>M{N). D 



Contrary to the case of strong convergence, the converse to Theorem |7.3[ that if 
^niO — >■ ioo(C) then ((pn);C) satisfies EPP{£), is false. In fact if ^ is the fixed point 
of a loxodromic element p which becomes parabolic so as to give rise to a 1?- cusp 
in the geometric limit, then J„(^) — > iooiO by the algebraic convergence but EP{^) 
fails, because we have a sequence Pn(p'"'') where ?Ti„ — )■ oo with (iii(/On(p™") ■ O, O) 
remaining bounded. This is discussed further below. 



7.2. Standard quasi-geodesics. Recall from Proposition |3 .4| that if G is geomet- 
rically finite, then any ambient quasi-geodesic /3 in the thick part of the convex core 
Vg is a bounded distance from [/3] U 'H ( [/3] ) . In what follows, we would like to assert 
further that any two ambient quasi-geodesics in Vq are a bounded distance apart, 
with constants depending only on G. However this may not be true if G contains 
rank two cusps. Indeed let H C H'^ be a horoball corresponding to a such a cusp 
and let x,y G dH. Since the induced metric on OH is Euclidean, there can be no 
bound on the distance between quasi-geodesic paths from x to y independent of 
(in(a;, y). To deal with this, if _ff is a rank two horoball and x,y G dH, we say a 
path from a; to y is D-standard (resp. standard) if it is within bounded distance D 
(resp. bounded distance depending only on G) of the Euclidean geodesic from x to 
y on dH. 

Let f3 be an ambient quasi-geodesic /3 in V = Vg- For a component H G H{[f3]), 
let 13h C f3 he the segment which projects to [/3] n H and for x <E Ph denote by 
Wnix) G dH the point where the perpendicular from x to [/3] meets dH. We say /3 
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is standard if for any component H of 'H([/3]) corresponding to a rank two cusp, the 
path n/f(/3) given by a; i— )■ Ilfj{x);x € /3jj across dH joining the initial and final 
points of [f3] n H is standard. Finally we call a path A C GG standard if its image 
jg(A) in Vg is standard. 

Lemma 7.4. Let K > 0. The image of a standard K -quasi- geodesic in {QG,dQ) 
is a standard ambient quasi-geodesic in Vq- Moreover any two standard K-quasi- 
geodesics in {GG, do) with the same endpoints are a bounded distance apart in H'^ 
with a constant which depends only on K and (G,G*). 

Proof. Let 7 be a standard K-quasi-geodesic in GG. That jr(7) is an ambient K'- 
quasi-geodesic in Vq for suitable K' = K'{K, G) follows from the same argument 



as in Lemma 3.7 By definition its image in Vg is standard. 

Now let f3, f3' be two standard ambient quasi-geodesics in V with the same end- 
points so that [/3] — [13'] is the H'^-geodesic joining their common endpoints. Adjust 
the constant e so that the only components of Mthin{() of H^/G are horoballs. By 



Proposition 3.4 both /3, /3' are within bounded distance of [/3]U'H([/3]) with constants 
which depend only on K and (G, G*). 

We have to show that the projections of /3,/3' onto [j3\ U 'H([/3]) are bounded 
distance apart. This is certainly true of the projections onto segments of [/3] outside 
H([/3]). Suppose 7? e H([/3]) is a horoball corresponding to a parabolic p G G. Let 
T] be the Euclidean shortest path in dH n V joining the entry and exit points of 
[P\ to H. If iJ G 'H([/3]) corresponds to a rank one parabolic, then since G is 
geometrically finite, dH n V is a strip of bounded width containing 77 and which 
also contains the paths Il/f (/3),n//(/3'), so the result is clear. If H corresponds to 
a rank two parabolic, then the condition that /3,/3' be standard again ensures that 
n//(/3),n//(/3') are within bounded distance of rj and the result follows. D 

Proposition 7.5. Let T be a fixed geometrically finite Kleinian group with Cayley 
graph CJF relative to a fixed set of generators F* = {ei, . . . , e/j}, and let ^ G Ap. 
Then there exists a sequence ei-^,ei^ . . . G F* such that the path jrici-^ei^ . . .) is a 
standard quasi- geodesic in C/F and such that gn ■ O ~> ^ in H'^ U dM!^ . 

Proof. Let a C H'' be the infinite hyperbolic geodesic from O to ^ and as usual let 
H(a) be the set of thin parts traversed by a. Exactly as in the proof of Propo- 
sition 3.2 we can construct a path in t/F whose image under jr tracks a U H(a) 
and which is ambient quasi-geodesic in the thick part Vr of A/p. We can clearly 
ensure that in addition, segments of the path which track the boundary of rank two 
horoballs are standard. The result follows. D 

7.3. Proof of Theorem |B} Suppose now that we are in the situation of The- 
orem |B] that is, F is a fixed geometrically finite Kleinian group and p„ : F — >■ 
PSL2{C) is a sequence of discrete faithful weakly type preserving representations 
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converging algebraically to poo'- T — > PSL2{C) and geometrically to H, and such 
that H is geometrically finite. (As noted in the introduction, this implies Goo is 
also geometrically finite.) Let G„ = p„(r), n = 1,2,..., oo. In this section we prove 
EP{^) and EPP{£,), from which Theorem |b] follows. 

The example to keep in mind is that of a loxodromic pn{p),p € F converging 
to a parabolic Poo{p)i in such a way that suitable powers of the loxodromic also 
converge to another parabolic q ~ q{p) (z H \ Goo which together with Poo{p) gen- 
erates a Z^-subgroup. This process is explained in detail in [TS] §4.9 and is what 
drives the well known Kerckhoff-Thurston examples [TT] of groups whose algebraic 
and geometric limits differ. The main point is, that as n — ?> oo the translation 
length and rotation angle of Pn{p) a-re related in such a way that for suitable 
powers /c„(p™"),r7T,„ — )■ cx), the sequence Pn(p™") converges to q. In particular, 
(iH(0, p„(p™") ■ O) is bounded while the word length |p™"| — ?► oo. This of course 
violates UEP. When H is geometrically finite, this is the worst that can happen: 

Theorem 7.6 ([13 1 115 ) Theorem 4.6.1). Suppose that T is geometrically finite and 
that p„ : r — >■ PSL2{C) are discrete, geometrically finite, faithful representations 
converging algebraically to poo ■ G — > PSL2{C) and geometrically to H . If H is also 
geometrically finite, then it is generated by {T* , gi, . . . , q^} where T* is a generating 
set for r and qi are the 'extra ' parabolics which arise in the limit as a result of the 
phenomenon above. 



In the proof of Theorem [Aj we used the crucial fact (Lemma 3.7 ) that the image 



in H"^ of a geodesic segment in ^F is uniformly an ambient quasi-geodesic in V„ = 
Ve,G„- However in the above situation, the elements pn{p"^") in the approximating 
groups Gn give paths which track a Margulis tube for distance 0(ran), but whose 
initial and final points are distance 0(1) apart. Clearly such paths cannot be 
ambient quasi-geodesics with uniform constants independent of n. To get around 
this, we first approximate by taking a new set of generators G* for G„ constructed 
so as to be close to those of the geometric limit H , and then substitute back in 
for the original generators of T . Before doing this, however, we pause to discuss 
parabolic elements in F, G„ and Goo- 

7.4. Parabolic blocks. The group Goo contains a finite number of conjugacy 
classes of parabolic subgroups. Choose V = {pi, . . . ,pt} C F so that {pao{p) ■ P S 
V} contains one representative of each class, such that the horoball T^ based at 
the fixed point of poo (p) intersects the Dirichlet domain 2?oo i a-nd such that p^o (p) 
generates Stahc^ (T^)- (We changed notation here from H for a horoball to T 
for a tube, because a thin component which is the quotient of a horoball in some 
EI'^/Gn may be a tube in another. From now on we shall use the notation T for 
both horoballs and equidistant tubes, the latter being the lift of a Margulis tube to 



M^, see immediately before the proof of Lemma A. 3 for a precise definition.) 
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By the algebraic convergence, there is a group G„q such that if p E V then 
Pnip) is short in &„ for all n > uq, in the sense that its length is less than the 
constant e < eM chosen above. Denote by T^ the lift to H'^ of the thin part 
Mthini^) of M = IHI^/G„ whose stabiliser is generated by Pn{p)- Note that while 
by construction T^^ is a horoball, T^ may be either a horoball if p„ (p) is parabolic 
or an equidistant tube from the short loxodromic Pn{p) otherwise. (We do not 
exclude the possibility that M^ /Gn may contain other thin parts or even horoballs 
not associated to elements of T-".) By slightly reducing the choice of e if necessary, 
we can choose a > such that the distance between any two thin parts of J\fn is at 
least a for any n G N U cx). 

The set V is divided into two subsets, the set Vq — {pi, . . . ,Ps} which commute 
with the 'extra' parabolics qi, . . . , g^ of Theorem |7.6[ and the remaining set Vi = 
VXVq. By assumption the maps p„, poo are weakly type preserving, in other words 
every parabolic element 5 G F is also parabolic in G^, n = 1, 2 . . . , 00. Note also 
that a parabolic element in a Kleinian group lies in a Z^-subgroup if and only 
if it stabilises a rank two cusp. Since the groups F, G„,Goo are all abstractly 
isomorphic, this means that rank two parabolics Pao{p),P G T are 'persistent', so 
that necessarily p G F and p„ (p) G G„ are also parabolic and moreover p Cz Vi- 

We can choose no G N such that Up GV then Pn{p) is short in G„ for all n> no, 
in the sense that its length is less than the Margulis constant €m ■ We would like to 
renumber so that G„o becomes F. However this causes a minor technical difficulty 
in the case in which G„o contains parabolic elements which are not parabolic in 
either F or Goo , so that we cannot replace the maps i„ : Ar — >■ A^^ by a map 
Ag„ — > A(3^. To simplify notation we renumber so that Gng — Gq, j„o = jo etc, 
and live with the minor annoyance of two distinct groups F and Go . 



To make the next definition, we use the following generalisation of Lemma 4.3 
whose proof is identical to the earlier version. We write X =r Y to indicate that 
X is equal to Y as elements in F, but not necessarily as words in F*. 

Lemma 7.7. Let F, Go be as above. There exists c > with the following property. 
Let X be a quasi-geodesic segment in QT, and let -k denote projection from jo{X) to 
[jo (A)]. Suppose that for some g,h E V, the segment of jo{X) from jo{g) to jo{h) 
projects to an arc contained in a single component T G Ti.e.Ga- Then g^^h =r 
g~^zgy where z G Staba^ T and dr(l,y) < c. 

Definition 7.8. A geodesic segment e^+i . . . e^ in QT is called a parabolic block 
relative to p £ V if er+i . . . e^ —p p^y for some y with dr{l,y) < c. We call \k\ the 
length of the block. 

Remark 7.9. It is worth clarifying exactly how this definition relates to the lemma. 

Setting gr = e^^Ci^ . . .e^^, the segment jo(er+i . • .e^) runs from jo{gr) to jo(5s)- 
Set g — gr and h — gs in the lemma. Then e^+i . . . e^ = gr^9s = 9r^^9ry where 
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Po{z) e StabT. Thus Po{gr^ ^Qr) G Stahpo{gr)^^T and po{gr)^^T — Tq for some 
p&V. 

Lemma 7.10. Given D > 0. there exists feg = ko{D) > such that given fci > ko, 
there exists M — M{ki,D) G N such that ifp^y^p G Vq is a parabolic block of length 
k € [kQ,ki], then any geodesic segment whose endpoints are at distance at most D 
from jn(l) and jn{p^y) respectively penetrates the thin part Tf^ for all n > M . If 
p € Vi then the same result is true for all k > kg. 

Proof. Since y is in a bounded neighbourhood of 1 e QT, using the algebraic con- 
vergence we get a uniform bound dnCO, j„(y)) < Di for all n. Hence 

dM{jn{p'y),TP) < dH(jn(/),rP) +dH(j„(p'^y),j„(/) 

= dM{jn{p''),TP)+dM{jn{y),0) 

= du{0, Pnip-'')TP) + du{jniy),0) = du{0, TP) + duUniy), O) . 

Since by Proposition |6.1[ O is a uniformly bounded distance from T^, this gives a 
uniform bound du{jn{p'^y),TP) < D2 say. 

Now let A,B be points at distance at most Z? to O = jn(l) and in{p^y) 
respectively, and let X, Y denote their projections onto T^. Then A^ B are at 
distance at most D + D2 to T^. Thus there exists a uniform constant c > such 
that if the distance between X and Y along dT^ is at least c, then [A, B] penetrates 

^n • 

If Pn{p) is parabolic, since Y — pn{p) ■ X and since Pn{p) translates a definite 
distance along dT (because the injectivity radius of ]HI'^/G„ at points on dT/Gn is 
some fixed e > 0), the result is now straightforward. However if p„(p) is loxodromic, 
we have to take care that the multiplier is not such that dH(X, pfj(p) ■ X) = 0(1). 

Let G be a Kleinian group and let 5 € G be a loxodromic transformation with 
multiplier bounded in modulus by some fixed ^o- Let T C H'^ be the equidistant 
tube corresponding to S, such that the injectivity radius of H'^/G at points on the 
boundary of the image of T in H'^/G is e > 0. Then there exists a constant c' > 
such that provided rO^ < 7r/4, the distance between Q € dT and S^{Q) G dT along 
dT is at least c're. In particular, since the T^ are all components of He-Cr, fo'^ fixed 
e, this discussion applies to our present situation with S — Pn{p)- 

Choose fco e N so that c'fce > c whenever k > kg. Since Pnip) -^ Pooip), the 
multiplier A„ of Pn{p) converges to 1. Thus by the above discussion, given fci > fco 
we can find M = M(fci), so that for all n > M, the argument of the multiplier 
of Pnip) is bounded in modulus by n/Aki and hence so that the argument of the 
multiplier of Pnip^) is bounded in modulus by 7r/4 for all \r\ < fci. 

It follows that if X G dTP then, provided fco < fc < fci , the distance from X to 
Pnip'') ■ X along dTP is at least c and so if A, B are points at distance at most D 
to O = jn(l) and jnip'^y) respectively, then the geodesic segment [A, B] penetrates 
TP. 
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Note that ii p Cz Vq it is crucial here to have the fixed upper bound fc < fci ; 
in fact d{X,pn{p^) ■ X) x 1 for values of k such that Pn{p'^) is close to q E H. If 
p (z Vi this restriction is unnecessary. D 

7.5. Correspondence of generators. We now make a precise correspondence 
between a set of generators of G„ and those of the geometric limit H. 

Lemma 7.11. There exists So > such that for any h E H , there exists tuq = 
TOo(/i) such that there is a unique g E T with jn{g) G B^{h-0,So) whenever n > ttiq. 

Proof. Let 2?„ , Vh be the Dirichlet domains for G„ , H centre O respectively. As 
in the proof of Proposition |6.1[ the thick part of Afn H Vh is contained in a ball 
Bj. of finite diameter in M'^. The groups G„ converge geometrically, and hence 
polyhedrally, to H (meaning that the faces of T>n converge to those of T>h uniformly 
on compact subsets of H'^). By the universal ball property, see [TS] Lemma 4.3.11, 
there exists 6 > such that I?„ n Br contains the ball -Bh(0, S) for all n. Suppose 
that g,g' € T are such that jn{g),jn{g') € Sn(/i • 0,6/2) for some h E H. Then 
d{0,jn{g'^g')) < S from which it follows that g = g' . That Bmih-O, ,5/2)nG„-0 ^ 
for sufficiently large n follows from the geometric convergence, proving the lemma 
with (5o = (5/2. D 

Given any finite set A C H, Lemma |7.11| allows us to make a bijective cor- 
respondence between A and a corresponding subset An C G„ for all sufficiently 
large n. Choose a set of generators T* for F and set H* — {T* , qi, . . . ,qs} with qi 



chosen as in Theorem 7.6 We define G* to be the corresponding set of elements 



in G„. This is well defined for any n > inax{mQ{g) : g E F*}, with ttiqIs) ^-S in 



Lemma 7.11 According to that lemma, each element of G* is either already in F*, 
or is close to qi for one of the additional generators as in Theorem |7.6| Since each 
such qi is the limit of a sequence of the form Pnip™") where p EVq and m„ — )■ cx3, 
we may suppose that no in Section [7.4| above is also chosen so that the additional 
elements in G* are all of this form. Once again, we renumber so that G„q becomes 
Go- 

7.6. Proof of Theorem |B} Now we turn to the main part of the proof of Theo- 
rem |B1 

For g E r,we use \g\r or \g\ to denote word length relative to the generating set 
F* and \g\n to denote word length relative to the generating set G* . We shall need 
to distinguish between equality as group elements and equality as words (meaning 
that all letters are identical) . We write W = AB to mean that all letters of W are 
exactly the same as those in the juxtaposed strings of letters A, B and W =c AB 
to mean that W is equal to AB as elements in a group G. 
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Definition 7.12. Let G be a Kleinian group with generators G* and let \ ■ \q denote 
the word metric. We say a path ei-^Ci^ . . . ei^,ei. £ G* is i -quasi-geodesic with 
respect to {GG, \ ■ \g) if {b — a,)/L < je^^ . . . e^^^ \g < L{b — a) for any 1 < a < b < s. 

Lemma 7.13. Suppose that W — Wi-^Wi.^ . . .Wi^,Wi. € T* is L- quasi- geodesic in 
(GGn, \-\n) for some n > O.Then W is also L- quasi- geodesic in {QT , |.|r)- 

Proof. Let V = Wi^ . . . Wi^_-^ be a subsegment of W. Then b— a < L\V\n < i|l^|r 
where the last inequality follows since any expression in F* is also one in G*^. Since 
Wi, G F* for all j, the inequality |V^|r < 6 — a is obvious. D 

The key step in the proof of Theorein[B]is the following proposition, which says 
that although the image jn(A) of a quasi-geodesic A C ^F may not be an ambient 



quasi-geodesic in V„ (see the discussion following the statement of Theorem 7.6 1, it 
is still within uniformly bounded distance of [jn(A)] U ?^([j„(A)]). The idea is first 
to track [jn(A)] with uniform bounds by word paths W„ in the generators G^, and 
then to study carefully how these word paths look when rewritten in terms of the 



generators F*. This second step is the content of Proposition 7.17 which is needed 



in the proof of Proposition 7.14 



Proposition 7.14. Suppose that A is a standard K -quasi-geodesic in QT. Then 
there exists ni £ N such that jn(A) is at uniformly bounded distance to [jn(A)] U 
■H([j„(A)]) for all n > ni, with a bound D that depends on K but is independent of 
n. 

Proof. To simplify, we may as well assume that the initial point of A is at 1 G 



^F. Denote the final point by gx S F. Floyd's construction in Proposition 3.2 
allows us to find a standard word path W in the generators G* so that W =r .9a, 
such that j„(A) is at bounded distance i^„ say to [jVi(A)] U 'H[(j„(A))] and whose 
length is comparable to |A|„, the length of A relative to the generators G* . The 
constants involved in determining Kn are: the diameter d„ of the thick part of 
the truncated Dirichlet domain 2?„ n V„, a„ — max{(i(0,.g ■ O): g £ G*} and 
G„ = max{|g|„: d{0,g ■ O) < D} for some uniform D > Q. (It is crucial here 
that word length | • |„ is defined using the generating set G* .) Then (i„ is uniformly 
bounded by Proposition |6T] a„ is uniformly bounded by the geometric convergence 



since so is max{d{0, h-0): g € H*}, see Lemma 7.11 and finally, again in virtue of 



Lemma 7.11, G„ is uniformly bounded by Ch — max{|/i|//: h € H: d{0,h ■ O) < 



1 + 2dn + S}, where S is as in Lemma 7.11 Thus all constants involved are uniform 



in n and hence there exists i > such that the path W (which is written in terms 
of the generators G* ) is L-quasi-geodesic in {GGn, \ ■ \n) for all n. 

The only letters in W which are not also generators of F* correspond to 
elements in G* \ F* and are therefore of the form u — p^ for some p £ Vq. 
Rewriting W in terms of the generators F* by substituting these terms we find 
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W ~r V1U1V2U2 ■ ■ ■ Vs where all of the letters in Vi belong to T* , and where 
Ui = m"' = p"»™* for some p E Vq. In this expression we may have Vi — % 
but in this case (by combining adjacent terms belonging to the same parabolic) we 
assume that Ui,Ui+i are associated to distinct elements of Vo- We define Wr to 
be the word V1U1V2U2 . . .Vs inT* and emphasize once again that W and Wr both 
depend heavily on n. 

Since Vi is by construction L-quasi-geodesic in (GGn, \ ■ In), by Lemma 7.13 it 
is also L-quasi-geodesic in (Cjr, | • |r)- We would like to claim that Wp is quasi- 
geodesic in (t/F, I • |r). However this may not be the case because, as illustrated in 
Figure [I] there could be a segment which is a power of pi at the end of Vi which 
cancels into Ui, and likewise a segment at the beginning of Vi which cancels into 



Ui^i. To remedy this we will show in Proposition 7.17 below that it is possible 
to split Vi into blocks Vi — XiYiZi where Xi cancels into Ui-i and Yi cancels 
into Ui, in such a way that ^^[7^X^+1 =r Ui and jo{YiUiY2U2 ■ ■ ■ Yg) is a standard 
ambient L'-quasi-geodesic in Vq, for some L' depending on L but independent of 
n. The essential idea is illustrated in Figure [T] Notice that following through the 
definitions, g\ =r Y1U1Y2U2 ■ ■ -Yg. 

Assuming this we proceed as follows. By hypothesis, A is a standard quasi- 
geodesic in QT with initial point O and endpoint ^a • O. Thus by construction jo(A) 



has the same endpoints as Jo(XiUiY2U2 ■ ■ -Ys). Hence by Lemma 7.4 the paths 
jo{YiUiY2U2 ■ ■ -Ye), jo (A) are a bounded distance apart. Since jnjo^ ■ ^F — > H^ 
is uniformly Lipschitz because of the algebraic convergence, j„(A) is a uniformly 
bounded distance from jn(^it^i^2^2 ■ ■ -Ys), with a bound that depends on K and 
U. 

Now we show that any point Q G jn{YiUiY2U2 ■ ■ -Yg) is at uniformly bounded 
distance from [jn(A)] U 'H([j„(A)]). We have Q ~ jni^) where A is a subsegment 
of Y1U1Y2U2 ■ ■ ■ Ys starting at 1. Those subwords starting at 1 and ending in a 
letter in some Ui have images under j„ within uniformly bounded distance of the 
corresponding thin part Ti e 'H([j„(A)]), while the image of points corresponding 
to subsegments starting from 1 and ending at a letter contained in a segment Yi 
are within uniformly bounded distance of [j„(A)] U7^([j„(A)]) since any word of the 
form Y1U1Y2U2 ... 17 with Y^ an initial subsegment of Yr, r < s, is by construction 
equal to a subword of W. 

We have shown that j„(A) is a uniformly bounded distance irom jn{YiUiY2U2 ■ ■ ■ Yg) 
and that any point in jn(YiUiY2U2 ■ ■ -Ys) is at uniformly bounded distance from 
[jn (A)] U H ( [jn (A)] ) . The result follows. D 

To prove Proposition |7.17| we need two easy lemmas. 

Lemma 7.15. There exists £0 > with the following property. Suppose that 
Ti,i — l,...,s is a sequence of thin parts Ti G HcGo such that Ti ^ T^+i for 
all i. Suppose that [QiPi+i] is the common perpendicular to Ti,Ti^i and that fj, is 
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the piecewise geodesic arc joining points Qi, P2, Q2, • • ■ , Qs-i, Ps, and suppose also 
that the geodesic segment [PiQi] has length at least 1^,1 = 2,...,s — 1. Then ^ is 
a quasi-geodesic in H^. 

Proof. The angle between the segments [PiQi] and [QiPi+i] is at least 7r/2 and by 



the choice of e (see the discussion in Section 7.4), [QiPi+i] has length at least a > 



The result is now standard. D 

Lemma 7.16. Suppose that D > is given and that T,T' G T-Le.Go- ^^^ P,P' be 
points within distance D of T, T' respectively such that the geodesic segment [P, P'] 
is disjoint from both T and T' . Then [P, P'] is within bounded distance of the 
common perpendicular to T and T' with a bound that depends only on D and e. 

Proof. Let X, X' be the nearest points to P, P' on T, T' respectively and let Q € 
T,Q' G T' be the endpoints of the common perpendicular to T and T' . Consider 
the quadrilateral with vertices X,Q,Q' ,X' . Since the angles at Q,Q' are at least 
7r/2 and since d^iQ, Q') > a, the geodesic segment [^^'] is at bounded distance to 
the union of the arcs [XQ], [QQ'], [X'Q']. Since [XQ] penetrates T, so does [PP'] 
unless [XQ] has bounded length; likewise with [X'Q']. D 

Proposition 7.17. Given L > 0, there exist L' ~ L'{L) > and ni e N with 
the following property. Suppose given a word V1U1V2U2 ■ . -Vs inV* as in the proof 
of Proposition \7.14\ that is, so that Vi is either empty or is L- quasi- geodesic in 
(^r, I • |r), and where Ui — p .' ^' for some pj. G Vq, Qi € Z, a^ ^ 0, and so that if 
Vi — $ then pj. ^ Pji+i for all i. Then we can split Vi into blocks as Vi = XiYiZi 
(where any of Xi , Yi or Zi may be empty) in such a way that there exists a word 
Ui =r ZiUiXi^i in the generators T* which is a parabolic block relative to pj. and 
.such that jo{YiUiY2U2 . . .Ys) is a .standard ambient L' -quasi-geodesic in Vq, for all 
n>ni. 



Proof. We continue with the notation and discussion of Proposition 7.14 The state- 
ment and the idea of the proof are illustrated in Figure [l] Throughout the proof, 
when we say that various distances are 'bounded', we mean they are uniformly 
bounded in n and independent of the choices of A and words W . 

Let 5, = Po{ViUiV2U2 . . . f/.-i) and g'^ = p^{ViUiV2U2 . . . F,). For z = 1, . . . , s, 
let /3j = [jo{9i),jo{9[)] and 7, = [jolsD' Jo(ft+i)]- Thus ft = gt{\jo{Vi)]) and 7^ = 
g'i{[JQ{Ui)]). Recall that each word Ui corresponds to a thin part Ti G Ht^Gr,- 

Temporarily let us drop the subscript i and write V — Vi etc. For simplicity 
we will work with j3 — [jf){V)] ~ g^^{(3i) rather than ft. Let A,D be the initial 
and final points of /3. 

Let ri,T2 denote respectively the (distinct) horoballs g~\Ti^i),g:r\Ti). It 
follows from the construction that A is a bounded distance from T^ and D is 
a bounded distance from T^. Consider the projection n from jr{V) to /3. Set 
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Figure 1. A segment of the path jo{W) showing the segment Vi 
from Ai to Di spHt as Vi — XiYiZi. Note the canceUation in the 
path Ui-iVi from Z?,-! to Ai to Di. We shorten f3i = [Ai,Di] to 
ft = [Bi,Ci\ and replace [A-i,^j] = 7* by [Ci-i,Bi] = 7^. The 
key point is to see ({ji) — >■ 00 independent of the choices made. 



ft = /3 n T^,j = 1, 2. Now define orbit points B, C on jr(V') as fohows: if /^^ = 
then B — A, otherwise _B is a nearest orbit point to the final point of 7r^^(/3^); 
likewise if /3^ = then C ^ D, otherwise C is a nearest orbit point to the first 
point on 7r~^(/?^). (We remark that it is possible that C precedes B in order along 
jr(V). In this case by Lemma 



7.10 



there is a bounded distance between B and 
C. Thus up to changing constants by a bounded amount, we can replace C by the 
point B.) 

Denote the segments of V from A to B, from B to C, and from C to £> by 
X, Y, Z respectively. Thus V — XYZ. By Lemma |7.7[ since A and B are at a 
bounded distance from T^, the segment X is a parabolic block relative to T^, and 
similarly for Z relative to T^. 

Now let Ai, Bi, Ci, Di, Xi, Yi, Zi be the images of A, B, C, D and jo{X), jo{Y) 
and Jo(Z) under gi. Let 7^ denote the geodesic from Ci_i to Bi. We claim that 
(independent of all the many choices made) its hyperbolic length iiffi) -^ 00 uni- 
formly with n. In particular, given io > we can choose rii so that i^ji) > £0, 
whenever n > ni. To prove this, it is clearly enough to show that \Ci-iBi\r — >■ 00 
as ri — > 00. We have 



\Ci^iBi\r > \Ci-iBi\n >~ 

|Cj_iA-l|n + |A-l^i|n 



\A.,B,\n = (|a_iA-i|r + \AB,\r) + |f/,-i| 



where the second inequality is because the path Ci-iDi^iAiBi is by definition L- 
quasi-geodesic in G* and the final equality follows since by definition the words Zi_i 
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corresponding to the path C't-iDi^i and Xi correspondmg to the path Di^iAi are 
quasi-geodesic words in G* which happen to be expressed entirely by generators in 
r*. Since 

|C,_iA-i|r + |A,B,;|r > |A-iA,|r - |C,_iA|r 

we have 

2|C,_iA|r > |A-i^i|r + \Ui-i\n =- ™j._i|A-i|„ + |A-iU, 

where we used |A-i^i|r = |A-i|r = ^nfi.j._-^^\Ui^i\m ^-s in the proof of Proposi- 
tion 



7.14 



Now by definition rrij. is the exponent such that p./' — > qj^ in the 
geometric Umit, so rrij^ — > oo with n. Hence (.{"^i) — > oo with n as claimed. 

Now let Pi denote the geodesic from Bi to Ci. Note that Pi has endpoints within 
bounded distance of the segment of Pi which is outside both Ti_i and T^. We claim 
that for sufhciently large (.q, the path /3 obtained by concatenating /3i, 71, /32, . . . , % 
is quasi-geodesic in H^, whenever n > ni. By construction, the endpoints of Pi are 
within bounded distance of Ti-i and Ti respectively. Moreover by construction the 
segment Pi is outside both Ti^i and Ti. Thus we are in the situation of Lemma 



7.16 



so that Pi is within bounded distance of the common perpendicular to Ti^i and Ti. 
Adjusting the endpoints of each 7^ by at most a uniformly bounded amount, we 
see we are in the situation of Lemma [7.15[ and the result follows. 

From the construction, the path jo{Yi) tracks Pi at bounded distance. Now con- 
sider the segment jo{ZiUiXi+i) from Ci to -B^+i. We claim that this can be replaced 
by a path jo{Ui) with the same initial and final points, and where Ui =r ZiUiXi^i 
is a parabolic block relative to pj. . By construction the initial and final points Ci 



to i?i+i are at bounded distance to Ti. Hence by the method of Lemma 7.7 if 
Ci — hiO to i?i+i = ^i+iO then {h'^_^_i)~^hi is a parabolic block relative to pj-, 
proving the claim. 

Now Jo{Yi) tracks Pi and jo{Ui) tracks the shortest path from Ci to -B,;+i on 
dTi at bounded distance, 7; being the geodesic with the same endpoints. Since 
the concatenation /? of /3i, 71, . . . , ^s, 7s is quasi-geodesic for n > ni it follows that 
jo{YiUiY2U2 ... Kj) is an ambient quasi-geodesic in H^. All constants involved are 
independent of the various choices made and of n. This completes the proof. D 

We are finally ready to prove Theorem IS] Let ej^e^^ ... be a standard quasi- 
geodesic path in ^F such that ei^Ci^ ■ ■ -Si^ • O — > ^. There are three possibilities: 

(1) the length of parabolic blocks in Ci-^Ci^ ... is bounded above; 

(2) Ci-^Ci^ . . . contains parabolic blocks of arbitrarily long length; 

(3) Ci-^Ci^ . . . terminates in an infinite parabolic block. 

It is straightforward to see that case (3) happens if and only if ^ is a parabolic 
fixed point, in which case «n(C) ~^ *oo(0 follows immediately from the algebraic 
convergence. Thus we have only to prove EP{£^) and EPP{£^) for cases (1) and (2). 
We start with EP{£^). As usual, denote jriei^ei^ ■ . .) by [1,^). 
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Proposition 7.18. Let Ci-^Ci^ ... be a standard quasi- geodesic QT in which there is 
an upper bound on the length of parabolic blocks. Then ((jO„), [1,0) satisfies EP(^). 

Proof. Wc have to show that given N E N, there exists f^{N) -> oo as A^ -^ oo 
such that d{0,in{ei^ei^ ■ ■ ■ ei„)) > f^{N) for any n G N. If the result is false, there 
exist ^ > and nk,Nk — > oo such that d{0,jnki^ii^i2 ■ ■ -^iN )) — ^- Passing 
to a subsequence, we may assume that Pnk{^ii^i2 ■ ■ ■ ^ijv ) converges geometrically 



to some h £ H. By Theorem 7.6 we must have h = hi-^ . . .hi where hi. € H* , 
and since Nk — > oo we must have hi. e {qi, ...,qs} for some j. It follows that 
ei.^ei.^ . . . ei„ contains arbitrarily long parabolic blocks contrary to hypothesis. D 

Proposition 7.19. Suppose that Ci-^Ci^ . . . contains arbitrarily long parabolic blocks. 
Then ((p„), [1,,^)) satisfies EP{£,). 



Proof. By Proposition 7.14 jn{e-iiei2 ■ ■ ■ ^in) i^ ^1 uniformly bounded distance D 
say to a„ U ■H(a„), where q;„ = [jn(eijei2 . . . e^^)]. Choose ko — fco(-D) as in 
Lemma 7.10 Define f^{N) to be the number of parabolic blocks of length at least 
fco in e^jCij . . . e^^. By our assumption, f^{N) — >■ cx) as iV — >■ c». 



7.10 



Let ki — ki{N; ^ be the maximum length of these f^{N) blocks. By Lemma 
there exists M — M(fci, D) = M^{N) so that a„ penetrates p„(g)T^ provided n > 
M. Recall there is a constant a > such that the distance between any two com- 
ponents oiHe.Gn is at least a for any n. It follows that d{0, jnieii^i^ . . . e^^)) > Na 
provided n > M^{N) and the result follows. D 

Proposition 7.20. The pair {{pn),£.) satisfies EPP{£_). 

Proof. We have to show that there exists fi.^{N) — fi{N) such that fi{N) — ^ oo 
as A^ ^- oo and such that for any geodesic subsegment A of [1,C) lying outside 
Br{l;N), the H^-geodesic [j„(A)] lies outside Bm{0-Ji{N)) in H^. 

Use Propositions 7.18|and 7.19 to find fi{N) such that dr(l,.9) > N implies 



dMijn{g),0) > fi{N) for all n > M^{N). Then dH(p„(A),0) > fi{N) for all 
n> M^{N). 



By Proposition 7.14 j„(A) is at uniformly bounded distance D to [jn(A)] U 
'H([j„(A)]). Hence the entry and exit points of [jn(A)] to any thin component 
T G 'H([j„(A)]) are outside B]i(0,/i(7V) — D), as is the sub-path of j„(A) joining 



them. So by Lemma A. 6 [jn(A)] is outside Bm{0, fi{N)/4: ~ c) for a suitable 



uniform constant c. The proof follows as in Theorem |3.1[ D 

Proof of Theorem [5[ This follows from Proposition |7.20| and Theorem |7.3| D 

Appendix: Hyperbolic Geometry Estimates 

Lemma A.l. In the ball model with O as centre, suppose that X, Y g M^ lie outside 
B]si{0; R) and that the geodesic [X, Y] joining them is also outside J5h(0; R). Then 

dE{X,Y)^e-'^. 
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Proof. In the ball model B, let £,,ri denote the endpoints of the radial lines from 

through X,Y on dM^. Let P be the footpoint of the perpendicular from O to 
the geodesic segment [XY] and let P' be the endpoint of this ray at cx). It will be 
sufficient to show that dE{P,X) -< e^^. 

Let e = ZXOP. Then 

from which it follows that dE{£,,P') < e^^/2. 

Now from R < d]f^{0, X) we find easily dE{X, ^) -< e^^. The result follows. D 

The following lemma allows us to replace orbit points by attracting fixed points. 

Lemma A. 2. Suppose that A G PSL2{C) is loxodromic (resp. parabolic) , and that 
du{0, A- O) > R, where O is the centre of the ball model B. Let A+ S 9B be the 
attracting fixed point (resp. fixed point) of A. Then d]i^{A ■ O, A+) -< e^^'^ . 

Proof. We use a fact which we learned from [15j Lemma 1.5.4: in B, the isometric 
circle Ia-^ of A^^ is the perpendicular bisector L of the line from O to A ■ O. (To 
see this, let r denote inversion in L. Then A^^t fixes O and hence is a Euclidean 
isometry. Using this together with the fact that [I^tIl = 1, it follows easily from 
the chain rule that |Z?A~-'^|i = 1.) 

Now Ia-i contains both A-O and the attracting fixed point A+. Since dji{0, A- 
O) > R we have d^iOjlA-i) > R/'2, hence the Euclidean diameter of Ia-^ is 
0(e^^/^) and the result follows. D 

We need estimates of the distortion caused by skirting around horoballs or 
Marguhs tubes. If L C H'' is a geodesic we call T — {x £M^ : d]s[{x, L) < R} the 
equidistant tube of radius R around L. If iJ is a horoball or T is a tube, and if 
Pi, P2 € dH (resp. Pi, P2 G dT), we denote by ^^^(Pi, P2) (resp. daT(Pi, P2)) the 
length of the shortest path on dH (resp. dT) from Pi to P2. 

Lemma A. 3. Let H C M!^ be a horoball and suppose Pi,P2 G dH. Set I — 
dgniPi, P2) and d — dmiPi, P2)- Supose that d > do for some fixed do > 0. Then 

1 X e'''^ with constants depending only on d^. 

Proof. As is easily checked by explicit computation using the angle of parallelism 
formula, I — 2smhd/2, see for example [8] p. 213. D 

One can make a similar estimate for tubes of sufficiently large radius. 

Lemma A. 4. Fix positive constants Pq, do O'l^-d hg. Let T C H'^ be the equidistant 
tube of radius R > Rq around a geodesic L C H"^ and let Pi,P2 € dT. Let I = 
ddT{PiT P2) and d = dH(Pi, P2)- Then I -< e'^''^ where the constant involved depends 
only on Rq . If moreover the distance between the projections of Pi , P2 onto the axis 
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L ofTis at most Hq and d> do, then I : 
only on Rq, Hq and dp- 



s''" where the constant involved depends 



Proof. For convenience we arrange things so that L is the hne from the origin w G C 
to oo in the upper half space model of IHI'^ . Then dT is a Euclidean cone with axis 
L. By the angle of parallelism formula, the angle i/j of the cone with the base plane 
C is given by cosh i? sin V' = 1, alternatively sinhi? = coti/;. 

Let TT denote perpendicular projection from M^ to L, and let Pi = Tr{Pi),i — 
1, 2, see Figure [2j Let h + i(j> he the complex distance between the perpendiculars 
[pi,Pi] and [P2J-P2] (so that h — dM{pi,P2) and cf) is the rotation angle). 

We estimate I by a line integral on dT. Take polar coordinates on dT, so that 
for a point P = {t, 9) £ dT, t > denotes the Euclidean distance from a; to P and 
9 is the angle between the plane containing L and ujP and the plane containing L 
and the real axis in C. Since the hyperbolic metric is conformally the same as the 
Euclidean metric, the element of hyperbolic arc length on dT is 
{t cos ipd9)'^ + dt'^ 



(3) 



(4) 



ds" 



(isin^')^ 



For x,y > we have •\/x^ + y^ 



sinh^ Rd9^ + cosh-" Rdt^ /t\ 
+ y. Thus integrating ([s]) gives 



) sinh R + h cosh i? x e^ (/i + 0) . 




Figure 2. The estimate of d in the proof of Lemma [ATI] 

Now we estimate d. Referring to Figure [2J let X be the midpoint of the 
segment P1P2, so that rf/2 = |XPi|, where \AB\ denotes the hyperbolic length of 
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the geodesic segment from A to B. Let P[ be the point in the hyperbohc plane 
orthogonal to L through pi (and thus containing pi) such that ZP[piPi = (p. By 
symmetry, |XPi| = l-'^-F'il, and by construction, P[,P2 and L are coplanar. Let 
E, F be the feet of the perpendiculars from X to the geodesic hnes PiP{ and P{P2 
respectively. Considering the two right angled triangles XEP[ and XFP^ we find 

d/2 = \XP[\ > \XE\ + \EP[\ - const. > \EP[\ - const. 

and 

d/2 = \XP[\ > \XF\ + \FP[\ - const. > |PP{| - const, 
so that 

e'^/Vel^^i'l and e'^/V e'^^^'l. 

Computing in the plane through Pi,P[,pi we find sinh \EP[\ — sin cj)/ 2 sinhR, 
while computing in the plane containing L, P[ and P2 we have sinh |PP{ | = sinh h/2 cosh R. 
Thus since R is bounded below by Pq, 

erf/2 ^ e^EP[\ ^ .R 



and likewise 



Hence 



/2 ^ ^\FP[\ ^ l^^f 



e'^l'^ >- max{0, h}e^ x (0 + h)e^ x I 

which by Q proves that e''/^ ^ I. 

To prove the inequality in the other direction note that provided that h < ho 
we have from the above sinh I PP{ I ^ 0/2 sinh P and sinh |PP{| -< h/2coshR. Now 
d<|PiP{| + |P{P2|gives 

d/2 < \EP[\ + \FP[\ < 2max(|PP{|, |PP{|). 

Since d > do at least one of sinh |_EP{|, sinh |PP{| is bounded away from so that 

e"^' < max(e2|^^il,e2|^"'l) x max(<^e«, /ie«) x e«(0 + /i). 

The result follows from Q. D 

The next two lemmas involve the penetration of geodesies into tubes and 
horoballs. 

Lemma A. 5. Suppose that in the ball modelM, H is a horoball such that O ^ IntH . 
Suppose also that points Pi,P2 £ OH lie outside Bm{0;N). Then the geodesic 
segment [Pi, P2] lies outside B^{0; N/A — c), for some universal c > 0. 

Proof. First consider the case in which O G dH. Let di — d^iOjPi) and let 
h = dgniO, Pi), where as above dgni-T-) denotes distance measured along dH. 
Also let d = dH(^i, -P2) let I = doH{Pi,P2)- By hypothesis di>N,i = l, 2. Clearly 
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we may fix some do > and assume that d > do, otherwise the result is trivial. 



Hence by Lemma A. 3 li x e''*/^ and / x e'^^'^. Thus 



s'^/^ ><l<h+l2i< 6"*^/^ + e''^/^ < 2e'°^''('*i'''^^/^ 



so that d -< max(di,(i2). 




Figure 3. Configuration for Lemma [Xs} The points 0,Pi,P2 
are all on the boundary of a horoball H. 



Assume that di > d2- Considering the hyperbolic triangle OP1P2 and its 
altitude OX, we have 



d = 


.dM{X,P2)+dM{X,P,) ^ di 




dMiO,X) + dMiX,Pi) i di 




du{0,X) + duiX,P2) i d2. 



The first two lines give duiX, P2) -< d^iO, X) and hence by the last line d^iO, X) >- 
^2/2 > N/2. Since X is the closest point on [Pi, P2] to O, the result follows. 

Finally suppose that O ^ dH . Let O' be the foot of the perpendicular from O 
to H . Then for any point Y ^ H, since the angle between the geodesic segments 
[O, O'] and [O', Y] is at least 7r/2, 

du{0,Y) i duiO,0')+duiO',Y). 

If dM{0,0') > N/2 there is nothing to prove since by convexity the nearest point on 
[Pi, P2] to O is in H. If duiO, O') < N/2 then dn{0' , P,) y N/2. The proof above 
with N/2 in place of N then gives dmiO', [Pi, P2]) ^ N/4 so that duiO, [Pi, P2]) >^ 
duiO, O') + duiO', [Pi, P2]) >^ N/A as claimed. D 

Lemma A. 6. Suppose that T C M'^ is an equidistant tube of radius R > Rq 
around a geodesic L in the ball model, and suppose that O ^ IntT. Suppose also 
that Pi,P2 G dT lie outside Ph(0;A^), and that in addition there is a path joining 
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Pi,P2 on dT and outside Bm{0;N). Then the geodesic segment of [Pi,P2] lies 
outside -Be(0; N/A — c) for some universal c > 0. 



Proof. As in the proof of Lemma |A.5[ it will be enough to show that in the case 
O edT that [Pi, P2] is outside Bm{0; N/2 - c). 

Let TT denote perpendicular projection from H'^ onto the axis L of T. As in 



the proof of Lemma A. 2 let pi = T^{Pi) and write h + icj) for the complex distance 
between the perpendiculars [pi,Pi],i = 1, 2, see Figure [2] 

First suppose that the distance from o = 7r(0) to the segment [pi,p2] is at 
least 1, and suppose that o is nearer to pi than p2- Let p = dmiOjPi). Let H be 
the plane perpendicular to L through pi, and let K be the closed half space cut 
off by n and not containing o. Then K contains both Pi and P2, and hence the 
segment [Pi, P2]; moreover d]i(0. Pi) x 2R + p while for any point X E K we have 
dMiO,X) > R + p. Since d^{0,Pi) > TV it follows that R + p/2>- N/2 so that 

dH(0,[Pl,P2]) >P + P>^/2. 

Now suppose that o is at distance at most 1 to the segment [^1,^2], and suppose 
also that \h\ > 1. The hyperbolic geodesic a from Pi to P2 is at distance at most c 
to the union of the geodesic segments [Pi,pi], [^1,^2], [P2, P2]- Let 11' be the plane 
orthogonal to L containing O, so that o G H'. Then H' separates T and the points 
Pi, P2 are in opposite sides of W . Hence the projection of any path from Pi to P2 
on dT onto L must contain o. Let o' e 7r^^(o) e /3, where /3 is a path from Pi to P2 
on dT. Note o is the centre of a circle of radius R whose boundary contains both O 
and a' . Hence R > d^iO, o')/2. By hypothesis since o' G (3 we have d^iO, a') > N, 
so R > N/2. On the other hand, since a tracks [Pi,pi] U [pi,P2] U [p2,P2] within 
distance c for some universal c > 0, since o G [pi,P2], and since o is the nearest point 
to O on L, we have that dmiO, [Pi,P2]) ^ du{0,o) = R. Thus du{0, [Pi,P2]) >^ 
A^/2 as claimed. 

Finally suppose that \h\ < 1. Let d — dH(Pi,P2), I — c?aT(Pi,P2), di = 
dmiOjPi) > N and k = dQT{0,Pi),i = 1,2. Picking /iq = 2 in Lemma A. 6 we 
have I X e''", and in addition, since o is at distance at most 1 to the segment 
[pi,P2] C L, we have de(o,_Pi) = d]g[MO),TT{Pi) < ho so that k x e'^*/^. Then 



exactly the same proof as in Lemma 



A.5 



gives that dH(0, [Pi,P2]) y N/2. This 



completes the proof. D 

Remark A. 7. Lemma [A.6| required a hypothesis not needed in Lemma pV.5[ namely 
that the shortest path on dT from Pi to P2 is outside B^{0; N). This is only used 
in the case in which 7r(0) is near to [7r(Pi),7r(P2)] and \h\ > 1, however here it is 
crucial. To see this consider the situation in which Pi , P2 and L are coplanar and 
O is the midpoint of the path from Pi to P2 on dT (contrary to the hypothesis 
under discussion). Then the geodesic [Pi,P2] tracks [Pi,_pi] U [^1,^2] U [p2,P2] so 
that (iH(0, [Pi, P2]) >; R but at the same time we could have N ^ R. This would 
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cause problems in Section [7] when we need to find uniform estimates for a sequence 
of groups with fixed Rq but A^ — ?► c». 
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